Exam #3 — Sample Questions

Math 45 — Linear Algebra
David Arnold
Fall 1997
Instructions. Place the solution to each of the following questions on your own paper. Show all
of your work.

1. Complete the following definitions:
a. Let H be a subset of a vector space V. Then H is a subspace of Vif and only if ...
b. Let {vy,...,v,} be a collection of elements of a vector space V. The span of {v,,...,v,} 1s

c. Let{vy,...,v,} be a collection of elements of a vector space V. The vectors {vy,...,v,} are
linearly independent if and only if ...

d. Let{vy,...,v,} be a collection of elements of a vector space V. The vectors {vi,...,v,} are
linearly dependent if and only if ...

e. Let 4 be an m x n matrix. The null space of the matrix 4 is ...
f. Let 4 be an m x n matrix. The column space of the matrix 4 is ...

g. A transformation 7 mapping vector space V into vector space W is called a linear
transformation if and only if ...

h. Let / be a subspace of a vector space V. An set of vectors B = {vy,...,v,} is called a basis
for the subspace H if and only if ...

i. Let B = {vy,...,v,} be a basis for the vector space }"and let x be a vector in V. The
coordinates of x relative to the basis 5 are ...

j. A transformation mapping vector space V into vector space W is called an isomorphism if
and only if ...

k. The dimension of a vector space V'is ...
1. Let 4 be an m x n matrix. The nullity of 4 is ...
m. Let A be an m x n matrix. The rank of 4 is ...
2. Let 4 be an m x n matrix. Prove that the null space of A4 is a subspace of R".

3. Let
H = x cxr+yr <4
Y

Show that H is not a subspace of R>.

4. Let M»,; be the set of all 2 x 2 matrices with real entries. You may assume that M»., is a vector
space over the real numbers. Define a subset H of M., by

v e

where R is the set of real numbers. Prove that H is a subspace of Mj,;.

5. Let
1 023
A=| -1 220
0 035

Complete each of the following statements.
a. The null space of 4 is a subspace of
b. The column space of 4 is a subspace of



9.

10.

11.

Let
100 -2 0
A= 0121 0
000 1 -1

a. Find a basis for the column space of 4.
b. Find a basis for the null space of 4.

Let
2a-3b+d
H = 3a—4c+ 3e ra,b,c,d,e € R
c+2d—-e
Find a basis for H.
It can be shown that
1 2 0
B = 0 (| 2 || -1
1 0 2
is a basis for R3.
a. If
1
(x] = -2
3
find x.
b. If
1
Xx=| -1
1
find [x],.
Let ¥ be a vector space with basis B = {v{,v,,v3}. Define T : ¥ - R* by
X1
T(x1vy +x2Vy +X3V3) = | x
X3

a. Prove that 7 is a linear transformation.
b. Prove that 7 is one-to-one.
¢. Prove that T is onto R3.

Let P, be the set of all polynomials of degree less than or equal to two with real coefficients; that
is,

Py = {co+cit+cyt? i cy,ca,c3 € R}
You may assume that the set
B={1+23-t,1+t+*}
is a basis for P,. If p(f) = 3 + 2t + ¢2, find [p()] .
Let



10 0 2 -1
A =
00 -1 2 -
a. Find the nullity of 4.
b. Find the rank of 4.



