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The Double Pendulum Problem
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Abstract

The double pendulum will be analyzed using Lagrangian and Hamil-
tonian methods. The system’s behavior is then visualized using Matlab’s
ODEA45 routine. Finally, the different behaviors are categorized.
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1. Introduction

In order to analyze the system by using Newton’s second law, all the forces acting
on the system have to be known and be able to be expressed. Because the double
Home Page pendulum problem is quite complex, Lagrangian and Hamiltonian equations are

used to simplify the analysis. This approach is more suitable because it uses

Title Page e energy, a scalar quantity, as a basis for analysis rather than force, a vector

quantity, and

Contents e generalized coordinates of any suitable quantity, rather than the limiting

rectangular, polar, or spherical coordinates.

<« ) The Lagrangian formalism will render two second-order differential equa-

tions that are functions of the generalized coordinates. These equations will
be rewritten in Hamiltonian formalism which generates four first-order differen-
< 4 tial equations that are functions of the generalized coordinates and momenta.

Furthermore, the use of Lagrangian and Hamiltonian formalism to analyze the
system is justified as two important conditions are met:

Page 3 of 20
1. The energy of the system is conserved, as the double pendulum rotates in
the conservative force field of the earth
Go Back
2. Angular momentum is conserved as dissipative friction and air resistance
forces are ignored
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2. Derivation

A double pendulum consists of two pendulums with the first suspended from
a point in space and the second suspended from the end of the first. Consider
the double pendulum shown in Figure 1 with masses m; and my attached by
rigid massless rods of lengths /; and l3. To simplify the analysis of the system,
the system’s motion will be constricted to a plane. Let the angles the two rods
make with the vertical be denoted as 6; and 65, and let gravity be given by g.

2.1. Position Equations

Then the positions of mq and mo in Cartesian coordinates are described by
(z1,y1) and (x2,y2), respectively, and are given by

21 = l1sin 6,
y1 = —lp cos by
Lo = l18in 1 + Iy sin Oy

Yo = —l1 cos 01 — I cos O.

2.2. Energy Equations

The potential energy of the system is found by combining the potential energy
of each mass as follows

e
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V = mygy1 + magyo (5)

Home P
ome "9ee =myg(—l1 cosBy) + mag(—Ij cos by — la cos O3)
Title Page = —(mq + ma)gly cos @1 — magly cos ;. (6)
Contents
The kinetic energy of the system is given by
44 >»
1 2 1 2
T = —myvy + =mavy (7)
2 2
| 14
LT S NN SN S
= 2m1(x1 +97) + 2m2(:v2 +93)
Page 6 of 20
= L2 1 Loa 262 1 1202 + 201056165 cos(0r — 6)] (8)
Go Back o 1AV T T2l vl 29 1620102 1 2)]
2.3. Lagrangian Function
Full Screen
Since the motion of the system takes place in a conservative force field, V is a
function of the generalized coordinates and not the generalized velocities V' =
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V(01,02). The Lagrangian function is defined as

L=T-V. 9)
Home Page Thus the Lagrangian function of the generalized coordinates (0, 0s) is
1 N 1 . .
L= (mi+ ma)1363 + Emgzgeg + malyl261 64 cos(0; — 65)
Title Page
+ (mq + ma)gly cos 01 + magla cosfy. (10) [eqIQ
Contents
2.4. Lagrange’s Differential Equations
« NS Lagrange’s differential equation for 6; is
d (0L oL
—|— ] —==0. 11
= () - (11) eart
. X From Equation 10,
a—L—ml29 + mal?6; 4+ malylaby cos(f) — 65) (12)
Page 7 of 20 96, 11701 20101 2010202 1— b2
d /oL . .
Go Back pn <%) = (m1 + mg)l%& + malylabs cos(0; — 62)
— m2l1l292 Sin(el - 92)(01 - 92) (13)
Full Screen
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and substituting these in Equation 11, we obtain

(m1 + mg)lfﬁl + mglllgé.g COS(91 = (92)
+ m2l1l29.% sin (91 = 92) + I (m1 + mg)g sinf; = 0. (15) leqly

Home Page
Similarly, Lagrange’s differential equation for 65 is
Title Page i ajL _ 87[/ _o. (16)
dt 005 005
Contents Once again from Equation 10,
oL . .
o mﬂgeg + molilo6 COS(91 = 92) (17)
< > 06
d [ 8L . .
4 > % <892> = m21292 A m2l1l2e91 COS(91 — 02)
— m2l1l291 Sin(91 — 02)(91 - 02) (18)
Page 8 of 20
oL Coe .
— = TTL2l1l29192 s1n(01 — 92) — lgmgg sin (92, (19)
Go Back 005
and substituting these in equation (16) gives
Full Screen m2l§02 aF m211l29"1 COS(el = 92) = mzlllgé% sin(91 = 02) -+ lQmQQ sin 69 = 0. (20) leq20]
Equation 15 and Equation 20 are coupled second-order ordinary differential
Close equations that describe the motion of the system. Note that these two equations
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depend on four unknowns. In order to solve the system numerically using Mat-
lab’s ODEA45 routine, a system of four first-order ordinary differential equations

is needed.
Home Page 2.5. Generalized Momenta
Since the system is closed, the equations of motion can also be written in the
Title Page Hamiltonian formalism. This introduces the generalized momenta p; and po,
so the motion of the system depends on four initial conditions (61,02, p1,p2).
Computing the generalized momenta gives
Contents o
p1 = 67 = (m1 + mg)l%91 + m2l1l292 COS(91 — 02) (21) leq2]]
1
<44 >»
oL 9 .
P2 = — = m2l202 + molila6, COS(el = 92) (22) eq22
< > 005
2.6. Hamiltonian Function
P 9 of 20
g The Hamiltonian function of the generalized coordinates(61, 62) and generalized
momenta (p1,p2)is defined as
Go Back H=T+V (23)
The Hamiltonian can also be written in terms of the Lagrangian
Full Screen 1 ) 1 )
H=0;p;— L= i(ml + TTLQ)Z%Q% + 577”@[%(9% + mylyl90164 COS(91 = (92)
Close — (mq1 + ma)gly cos 1 — maglacosfy  (24) [eq24
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Solving the generalized momenta, Equation 21 and Equation 22, for 6, and 6
and substituting back into equation Equation 24 gives

_ 3map3 + 13 (ma + ma)p3 — 2malilopips cos(61 — 62)

H
Home Page 21212my[my + my sin?(6; — 65)]
Title Page — (mq + ma)gly cos B — magla cosfy  (25)
2.7. Hamilton’s Equations of Motion
Contents
Since the Hamiltonian is now a function of all the initial conditions 61, 03, p1,
and ps, the equation can be separated into four first-order differential equations
« dd by taking partial derivatives with respect to the appropriate variables
. OH . l2p1 — llp2 COS 01 - 92
< 14 1=5"—" = 72 ) (26)
Op1  [Fla[my + maosin®(6; — 62)]
Page 10 of 20 b — OH _ li(my + ma)ps — lamapy cos(6h — 62) (27)
2 Opo lll%mg [m1 -+ mo Sin2(91 = 02)]
Go Back
. OH .
p1L= ~00, ~ —(m1 +ma)glysinfy — C1 + Cy (28)
Full Screen
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P2 = —% = —myaglssinfy + C; — Cy (29)
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p1p2 sin(@l — 92)

C, = 30
! lllg[ml + moy Sin2(91 - 62)] ( )
Home Page 2 2 2 2
= I3mapi + 17 (m1 + m2)p3 — lilamapipa cos(f1 — 62) sin2(6; — 62)]  (31)
- 21313[ma + my sin® (01 — 62)]?
Title Page
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3. Finding a Numerical Solution

3.1. Creating a Function M-File

Solutions for #; and 6 can be found by solving the system of first-order differ-

Home Page
ential equations numerically using Matlab’s ODE45 routine. The first step is to
create a function m-file in the Matlab editor.
Title Page
function xprime=doublependulum(t,x,flag,g,11,12,ml,m2)
Contents C1=(x(3) .*x(4) .*sin(x(1)-x(2)))./...

11*12*% (m1+m2* (sin(x(1)-x(2))) .~ 2);
C2=((12"2*m2* (x(3)) . 2+11"2%(m1+m2) *. . .
4 dd (x(4)) .~2-11%12%m2%x (3) . ¥x (4) . *cos (x (1)-x(2))) . ..

./2%117°2%127 2% (m1+m2* (sin(x(1)-x(2)))."2)."2) ...
Lksin (2% (x(1)-x(2)));

xprime=zeros(4,1);
Page 12 of 20 Xprlme(1):(12*}((3)_11*}((4) kcos(x(1)-x(2))) ...

./1172%12% (m1+m2* (sin(x(1)-x(2)))."2);
xprime (2)=(11*(m1+m2) *x (4) -12*m2*x (3) . *cos (x(1)-x(2))) ...
Go Back L/11%12°2+%m2% (m1+m2* (sin(x(1)-x(2)))."~2);

xprime (3)=-(m1+m2)*g*11*sin(x(1))-C1+C2;
xprime (4)=—m2xg*12*sin(x(2))+C1-C2;

Full Screen

This m-file defines the system of four first-order differential equations, where

a flag sets the parameters of the system.
ose
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3.2. Using ODE45

Below is an example of how to execute Matlab’s ODE45 routine. First the func-
tion is initiated, then a time interval is given followed by the initial conditions of
Home Page the system, and finally the parameters of the system are given values. Four nu-

merical solutions are produced by this example, where x is a vector that contains
the solutions, & = [61(£), 82(), p1 (£), pa(t)].
Title Page

[t,x]=0de45(’doublependulum’, [0,25], [pi;pi;0;0],[]1,9.8,1,1,1,1);

Contents To call up the numerical equation 67, the first column of the vector x is initiated

x(:,1). Solutions for 65, p;, and ps are produced by calling the appropriate
column of the vector x. These solutions can then be plugged into the position
<4 Y3 Equation 1, Equation 2, Equation 3, and Equation 4 to model the behavior of

the masses in the system.

< > x1=sin(x(:,1));

yl=-cos(x(:,1));
x2=sin(x(:,1))+sin(x(:,2));
Page 13 of 20 y2=-cos(x(:,1))-cos(x(:,2));
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4. Behaviors of the System

Depending on the given initial conditions, the double pendulum exhibits three
types of behavior:

Home Page
e Periodic motion
Title Page e Quasiperiodic motion
e Chaotic motion
Contents . . .
4.1. Periodic Motion
« > In periodic behavior, the system’s motion is cyclic. This occurs when the energy

of the system is either small or extremely large. Figure 2 shows the trace of mo

when the system is given a substantial amount of energy. The mass stays on the
< > same path indefinitely, or the motion is periodic. The following is the code that

produced Figure 2.

Page 14 of 20 [t,x]=0de45(’doublep’, [0,0.7], [pi;pi;10;-8.898788999]) ;

x1=sin(x(:,1));
yl=-cos(x(:,1));

Go Back x2=sin(x(:,1))+sin(x(:,2));
y2=-cos(x(:,1))-cos(x(:,2));
plot(x2,y2)

Full Screen axis([min(-2) max(2)...

min(-2) max(2)])
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4.2.

Quasiperiodic Motion

In quasiperiodic behavior, the system’s motion is almost periodic. This behavior
occurs at all energy levels, yet is rare at middle range energy values. Figure 3
shows the trace of my when the system is given appropriate values to produce
quasiperiodic behavior. Here is the code that produced Figure 3.

[t,x]=0de45(’doublep’, [0,1], [pi;pi;20;-50]);
x1=sin(x(:,1));
yl=-cos(x(:,1));
x2=sin(x(:,1))+sin(x(:,2));
y2=-cos(x(:,1))-cos(x(:,2));
plot(x2,y2)
axis([min(-2) max(2)
min(-2) max(2)])
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4.3.

Chaotic Motion

In chaotic behavior, the system’s motion is unpredictable and non-repetitive.
Two systems with almost identical initial conditions show very different long
term behavior. The system produces chaotic behavior at all energy levels un-
less the system is given an infinite amount of energy where only periodic and
quasiperiodic behavior exist. Figure 4 is an example of chaotic behavior exhib-
ited by the system. The code for Figure 4 follows.

[t,x]=0ded5(’doublep’, [0,25], [pi;pi;0;01);
x1=sin(x(:,1));
yl=-cos(x(:,1));
x2=sin(x(:,1))+sin(x(:,2));
y2=-cos(x(:,1))-cos(x(:,2));
plot(x2,y2)
axis([min(-2) max(2)

min(-2) max(2)])
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