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A Deep Thought on The Double Pendulum
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Abstract

Chaotic systems are strange. They are not periodic or convergent. One well-
known chaotic system is the “Lorenz Attractor”, first described by Edward Lorenz
of the Massachusetts Institute of Technology. The Lorenz Attractor is very difficult
to understand. However, we can understand the double pendulum.

A double pendulum consists of one pendulum attached to another. The double
pendulum as an example of a simple physical system, which can exhibit chaotic
behavior. Therefore, it leads to the goal of this paper, which is to solve the double
pendulum problem. the double pendulum is a very common problem in a classi-
cal mechanics physics course at the college junior level. In order to present the
beauty of the combination of physics and mathematics, which is what this paper
is dedicated to, the paper starts with the development of Euler’s equation and
moves on to the development of the Lagrangian function. Finally we numerically
solve the problem by using MATLAB, so that we can have a little understanding
of the chaotic systems.
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1. Euler Equation

This section pertains to the development of Euler Lagrangian Equation. In order to
understand the motion of the double pendulum, we have to understand the Euler La-
grangian Equation. And in order to understand the Euler Lagrangian Equation, we
have to start with the definition of admissible.

1.1. Admissible

Let y(z) be a function such that (1) f(x,y,y’) has partial derivative of second order,
(2) the integral f;f f(z,y,y")dz is a well defined real number and (3) the function y(z)
has a continuous second derivative. Such a function is called admissible. At this point
we are ready to go to the heart of this section.

1.2. The Minimizing Function

Assuming the there exists an admissible function y(x) that minimizes the integral

I= /zz f(@,y,y")dz. (1)
T
Let n(x) be any function with the properties that n”(x) is continuous and
n(x1) = n(zz) = 0. (2)
If « is a small parameter, then
y(x) = y(z) + an(x) 3)
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And if the well-defined real number I is in terms of «, then
T2 _
f(z,9,y)dx
1

Z2

flz, y(2) + an(z),y' () + o' (z)]dz.

I(a)

Z1

When a = 0, equation (3) yields g(z) = y(z). If we differentiate function I with respect
to o', we have

To b
’ _ v )
ro)= [ ga s @
By using the chain rule, we obtain
0 _ . Ofox  Of0y  Of 0y
50 @9Y) = 550t 5590 T 07 oa
_ of of ,
_ or of ,
Notice that for § = y + an(z),
% p(a)
a1

L1We are trying to find the minimum point.
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and
9y _ 9ddy
da dadx
_ 2 / /
= L/ +ar(@)
= 7/'(z).

Therefore equation (4) can be written as

219 0
re) = [ [Sow + 5hue)|as %)
Let equation (5) be zero and yield
219 0
/ [a—]yjn(m) + 8—5,7)'(@] dz = 0. (6)

For fwf %n’(x)dx, we have

e = |nwgh] - [ g e

T 1

- [Cn@ LG
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Z2

Since n(x1) = n(z2) = 0, n(z) gg’

= 0. From f;f [g—gn(x) + gg,n’(a:) de = 0, it
x1

[ 5o - G Gonw]e = o

¥z 0 0

1

becomes

Since n(x) cannot always be zero, this yields

a_f_i<ﬁ)_o
oy dx \oy )

Negate both sides and change the dummy variable, we obtain
d (0f of
— L) _-ZL —p 7
dx (ay) dy g

which is Euler Lagrangian Equation.

2. The Semiperfect Physics

Physics is a perfect subject?. It has all the good things we want. In this section, we
have to introduce the idea of generalized coordinates and constraints, so that we can
proceed to the goal of this paper.

2The title of this section is from a classmate in my differential equation class, Adam Abrahamson,
who said physics is not perfect. However, I think physics is great. It interprets the language of the
universe.
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2.1. Generalization

In a multivariable calculus class, we learned the Cartesian coordinates, cylindrical coor-
dinates, spherical coordinates, and other coordinate system. If there are some restric-
tions or constraints® on the motion of the particle, we need less than three coordinates.

We are interested in finding the minimum number of coordinates needed to describe a
system of N particles. Usually, the constraints on any given system are described by the
number of equations. Suppose there are m number of such equations that describe the
constraints*. The minimum number of coordinates, 7, needed to completely describe
the motion or the configuration of such a system at any given time is given by

n=3N—m (8)

where n is the number of degrees of freedom of the system. The number n could be any
parameter, such as length, (length)?, angle, energy, a dimensionless quantity, or any
other quantity, as long as it completely describes the configuration of the system. Think
of the vector space, in order to span a vector space, we need certain vectors as basis.
The number of these vectors has a minimum. We cannot go under that number. The
name generalized coordinates is given to any set of quantities that completely describes
the state or configuration of a system. These n generalized coordinates are customarily
written as

41,492,943, ---,qn

or
qx, where k=1,2,3,...,n (9)

These n generalized coordinates are not restricted by any constraints.

3For example, the motion of a free falling object with initial velocity upward. The motion is in two
dimensions.

4This needs some explanation, think of a function f(z,y, z) constrained inside of a sphere, regardless
of how the particle moves, the motion is inside the sphere.
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In the same manner, we can define the derivatives of ¢, with respect with time, t,
that is g1, ga, . ..,0r qi as generalized velocities.”

Therefore, we can consider the the rectangular coordinates, x,y, and z are a function
of the generalized coordinates g1, g2, and gs; that is

= x(q1,q2,93) = (qk)
v =y(q1,92,93) = y(ax)
z = 2(q1,92,93) = 2(qk)-

Suppose the system changes from an initial configuration given by (¢1,42,q3) to a
neighborhood configuration given by (g1 + dq1, g2 + dq2, g3 + dg3). We can express the
corresponding changes in the Cartesian coordinates by the following relations:

—0qy + =—0dq3 = —qx, 10
94s q2 943 g3 e gk ( )

with similar equation for dy and dz, where n is equal to three and the partial derivatives
0x/dqy, are functions of ¢’s.

In a more general case, a mechanical system consists of a large number of particles
having n degrees of freedom. The configuration of the system becomes

Ve = 1) . 11
T dq q1 3¢ 2:1 (11)

with similar expression for dy; and dz;.

5The physics geeks denote that k means the derivative of k with respect to time, for k is any
function.
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It is important to distinguish between two types of displacement: an actual dis-
placement dr; and a virtual displacement dr;. Actual displacements are consistent with
both the equations of motion and the equations of constraints. Virtual displacement
are consistent with the equations of the constraints but do not satisfy the equations of
motion or time. Think of a particle moving on a plane. The constraint is the plane. If
the actual displacement is a straight line, for example, from point A to point B, which
satisfies the equations of the motion or time, the virtual displacement can be any curve
starts from A and end with B. That means that the virtual displacement satisfies the
constraints, but not the motion or time. If we have a force F, we can define the virtual
work,

OW =F - or = Fpéx + Fyoy + F.oz, (12)

where Fy, Fy, F, are the rectangular components of F. Also, we can express the dis-
placements dx, dy and 0z in terms of the generalized coordinates gi. From equation (11),

or = @5@ + %5(]2 + @(ng = @5%,
oq 9q2 dq3 1 Oqr
we have
oW = F.or

= Fyiz+ Fyoy + F.iz
" Oz "y " 0z
= [, —oq, + I, —dq, + I, —0
; 90 ykz::l 5O kz::l 5q. 0

Ox Oy (“)z) }
F,—+F,—+F,— |0
K g ¥ Oqp. agy, ) "

1= 10:

Qroqr,

ES
Il
-
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where 9 5 9
x y %
Qu=F,— +F,— +F,—. 13

“oq. Yoqn T Ogk (13)
Qi is called the generalized force associated with the generalized coordinate gi. If
the generalized forces are conservative, it can be represented by a potential function
V = V(x,y, z). The rectangular components of a force acting on a particle are given
by®
oV oV aVv

If we substitute equation (14) into the generalized force, we obtain

OV ox OV oy OV 0:

9= _(%3% * dy I * 55‘%)'

(15)

This expression in the parentheses is the partial derivative of the function V with respect

to gr. That is,
1%

Qr = “ o (16)

2.2. The Lagrange’s Equations

Let the kinetic energy of a particle in Cartesian coordinates be

1
T = 5m(:i:2 + 9% +2%) (17)

SFrom basic physics, we know that the potential energy V of the system is equal to the negative of
work done by the system. In addition, the work done by the system is —V = W = Fd, where F is the
force excerted by the system. Take the partial derivative of V with respect with z, y and z to obtain
what we have above.
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Therefore, & can be evaluated as

; = Ordan | Oz d¢ 9z 94n
T = anot Togot o tag ot
~ 0z Ogi

- ga—qkat

n

= (q,q).
We can obtain ¢, z in the same manner. Therefore, we have the velocity in Cartesian
cordinates in terms of the generalized coordinates g, and generalized velocities gy, that
is,
i(q,q),
= y(a,q),
i = #q,q).

Therefore, we can write the kinetic energy as
T = 1 -2 . ) . .2 9 18
= 5mlE*(q,a) +57(a, @) + 2°(q, @)]- (18)

Take the derivative with respect to the generalized velocity gy of a specific coordinate,

oT (.89‘5 .0y .8z‘>
Y —m

: G+ o + S 19
g g yf)f]k g (19)
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Because” & = i(q, §),
0% ox
or _ or 20
gy Ogy, (20)
therefore,
oT .0z Oy . 0z )
— =m|i—+y—+z2— |, 21
Oqi ( g, yaqk gk 1)

If we differentiate both side of this equation with respect to ¢:

i 8_T = mx%—i—m@—kmz%—i—mwi 8_x _|_m'i @ +mz‘/£ %
dt \ Oq - Aqx yaqk Aqk dt \ Oqy, ydt Aqk dt \ Oq

(22)
For the fourth terms on the right side, we have

d (o) _ 0 (do)_0i
dt \Oqr )  Oqp \ dt )  Oq
Thus the fourth terms can be written as
ma‘;i i = md:ﬁ = i lmﬁ
dt \ Oqi - oqk a dgr \ 2

with the same manner expressions for other terms. Also note® that

Fy, =mz, Fy=my, F, =mZ2

"I haven’t figured this out yet. I think this may cause serious argument, but it works for every

problem. For example, apply equation (20) to z = q1 + qzqg. z = 1q1 + ng'g + 2g2q3q3, therefore,
5977”3 = 2g2¢3, and 5"—; = 2q243.

80ne of Newton’s Laws F=ma, for F is the force, m is the mass and a is the the second derivative
of displacement.
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According to what we have above, equation (22) can be written as

d (0T ox dy 0z 0
(3% ) g,V Ogy, Oqr ~ Oqy

1 .0 .9 .92
g [Qm(x +9°+2%)]. (23)

From equation (13) and equation (18), we have
d (0T or
i (5ic) ~ 9+

These differential equations are called Lagrange’s equations of motion. If the motion is
in a conservative force field, by using equation (16), we have

d (0T oT oV
~ (=)= == _ 24
di (aq'k) ar  Oar (24

Therefore we define a Lagrangian function L as the difference between the kinetic energy
and potential energy, that is,

L=T-V or L(g,q) = T(q,9) — V(g) (25)

V is the potential energy and T is the kinetic energy of the system. If the potential
energy V is not the function of generalized velocites’, V = V(q) and 8V/dqy = 0. Thus
we may write

oL 0 oT
— = —T-V)=—
g 3q;c( O
oL _ 0 ot v
Oqs, gy, oqr  Oqr’

9f V = V(q, ), tensor force will be created.
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Substitute these into equation (24), we obtain

d (0L oL
— (=) ==—=0 (26)
dt \ Oq Aqx

which are Lagrange’s equations describing the motion of a particle in a conservative

force field.

3. Apply The Theory

We have the math and the physics. Things are getting straightened out. In this section,
we will show two approaches. They use the same math and physics, but use different
argument.

3.1. One Approach

From Figure 1, we have a system

r1 = lysiné;

To = lysinf; + lysinfy

y1 = —lyicosb,

yo = —lycosby —lscosbs.

Recall that, the Lagrange’s function is defined as L = T'— V, where T is the kinetic
energy and V is the potential energy. This equation is only good when the system is in
a conservative force field. Thus,

1 1
T = Emlv% + §m2v§
1 . . 1 . .
= §m1(ﬂvl2 +41?) + 577’62(9!?22 + 1j22).



Lo
Figure 1: Diagram of a double pendulum
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Zy? = (11 cos 016, + I3 cos B20)?
= l% cos? 91912 + l% cos? 92922 + 2415 cos 61 cos 0291492
:lj12 = (ll sin 919.1)2 = l% sin2 019'12
y22 = (ll sin 919.1 + l5 sin 9292)2
= l% SiIl2 01912 + l% SiIl2 92922 + 21112 sin 01 sin 929192.
Therefore,
1 2 29452 20942 1

T = §m1(11 cos® 6160, +1isin” 0,0, ) + 5m2
(12 cos® 01912 + 12 cos? 92922 + 12 sin? 91912 +
lg Sil’l2 02922 T 2l1l29192 008(91 — 92))
1 .2 1 .2 .2 ..
= §mll%01 + 57712([%01 + lgag + 2l1l29192 COS(01 — 02))

1 .2 1 ) ..
§(m1 + mg)lfﬂl =+ §m2l§92 + malyl26105 COS(01 — 92),

and also,

V. = migys +magyo
—m1g(l1 cos 1) + mag(—ly cos by — l5 cos bs)

—magly cos By — magly cos 81 — mogls cos

= —(my + ma)gly cos 01 — magls cos Os.
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Therefore, the Lagrangian function is
L = T-V
1 95 2 1 952 P
= §(m1 aF mg)llﬂl aF 577’&21202 + miglyl260105 COS(01 — 02)

+(m1 P mg)gh cos 61 + mogls cos 05.

d(ory_oL _
dt \ Ok oar
Thus, we obtain a system with two equations, they are

d (0L oL
—(—)—-—%— = 0 27
dt (801> 00, ( )
d (0L oL
(=)= = 0 28
dt (862> 005 ( )

To solve equation (27), we have

Recall the Lagrange’s equation,

oL , ,
o5, = (mutma)lits +malilab cos(dy —62),
1
% (%) = (m1 +ma)I36) + malylas cos(6y — 6)
_mglllgéz sin(01 = 92)(91 = 6'2)7
L ..
37 el il — ) — (G - o S
1
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Therefore, from equation (27), we obtain
0 = (my+ma)l20y + malylaby cos(6y — 02) — malylafy sin(0y — 02) (61 — 6s)
+malila616s sin(6; — 02) — (mq + ma)gly sin by
0 = (my +m2)26y + malilaby cos(0y — 0a) + molylas” sin(6 — 65)
+(m1 + ma)gly sin 6q
0 = (m+ m2)llc9“1 + malafs cos(f; — 6s) + m2l2922 sin(f; — 65)
+(m1 + mg)gsin 6;.

And also, to solve equation (28), we have

8—1.; = mglgég + malyla0; cos(f; — 6s),
00
% (g—;;) = mglgé-g + malylo6; cos(f1 — 03)
—mgly 1o sin(0y — 62)(6; — 65),
g—el; = malily6:165 sin(f; — 63) — magly sin 5.
Therefore, from equation (28), we obtain
0 = mal20y + mylylafy cos(8y — B2) — malylab; sin(6; — 0)(61 — 6a)
—miglyl616, sin(f; — 63) + magls sin Oy
0 = mﬂ%@ng + malyle6y cos(fy — 03) — m21112912 sin(6, — 05)
+magls sin 05
0 = malaby + moliby cos(f1 — 63) — m2l1912 sin(6, — 05)
+mg sin 0.



Apply The Theory Thus, the system becomes

0= (m1 = mz)lléi = mglgé.g COS(91 = 92) A m2129.22 Sin(91 — 02)

(29)
+ (mq + mg)gsin by,

and

0= m2l20u2 aF m2l10"1 COS(01 = 92) = mgllélz sin(91 = 92) (30)
=F maog sin 92.

If we solve 6, and 01, and do a little bit of arrangement, we will have,

o)
Q1
Q2
Q2
and, )
Q1
Q1
Q2
Q2
Obtain these MATLAB codes,

function vprime=physics(t,v)
global 11 12 ml m2 g

11=1;

12=2;
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ml=1;

m2=2;

g=9.8;

vprime=zeros(4,1);

A=cos(v(1)-v(3));

B=sin(v(1)-v(3));

C=sin(v(3));

D=m1+m2;

E=sin(v(1));

vprime(1)=v(2);

vprime (2) =(m2*g*CkA-m2%12% (v (4)) "2*B-D*g*E-m2x11* (v (2)) "2*%B*A) /. . .
(D*11-m2*%11*A~2) ;

vprime(3)=v(3);

vprime (4)=(m2*12% (v (4)) "2+B*A+D*g*ExA+11% (v(2)) "2*B*D-g*C*D) /. ..
(12+#D-m2*12*A"2) ;

The function call is

close all

global 11 12 m1 m2 g

11=1;

12=2;

ml=1;

m2=2;

g=9.8;

tspan=[0 10];
iniValue=[.1; .1; 0.01;0];
parameters=[g 11 12 ml m2];
step=0.1;
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[t,x]=0de23s(’physics’,tspan,iniValue);
%[t, x]=rk4(’physics’,tspan,iniValue,step);
x1=11*sin(x(:,1));
x2=11*sin(x(:,1))+12*sin(x(:,3));
yl=-li*cos(x(:,1));
y2=-11*cos(x(:,1))-12*cos(x(:,3));

3.2. Another Approach

However, since the double pendulum is very sensitive, the program in MATLAB will
crash very fast. The question that arises here is, do we have another idea to solve the
system? Yes, there is another way to solve the system. Consider when the equilibrium
point is at the point where all the angles are zeros and the angular momenta are zeros,
see Figure 2. That is, our new system becomes

r1 = li1siné;
To = li1sinf; + Ilysinfy
y1 = l1cosby
Y2 = lycosfy + Iy cosbs

Therefore, the height of first mass can be written as
hﬁrst mass — ll(l — COS 61)
The height of second mass can be written as

Nscond mass = P11+ ha — [y cosfy — Iy cosbs
= 11(1 —cosby) + la(1 — cosby).



L,

Figure 2: Diagram of a double pendulum
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The potential energy can be written as
V =10(1—cosbr)mig+ [l1(1 — cos) + l2(1 — cos 0y)]mag.
Recall the kinetic energy
T = %(ml + mg)lfélz + %mglgﬂf + malylz6: 65 cos(f1 — 6s).
If we do the same thing in the previous part, we will have

g(sin 05 cos(Af) — usinfy) — (l2922 + 11912 cos(AB)) sin(AB)
I1(u — cos?(A0)

gu(sin 0 cos(Af) — sin b;) + (ul1912 + l2922 cos(AB)) sin(A6)

0 =

b =

lo(u — cos?(A0)

where Af = 01 — 0, and u =1+ (mq1/ma).
We repeat what we did for the system, that is

Q1
Q1
Q2
Q2

X =

and, )
Q1
@1
Q2
Q2

X:

)
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In order to solve this system, the following MATLAB code is required,
function xprime=yorke(t,x,flag,g,11,12,m1,m2)
xprime=zeros(4,1);
dt=x(1)-x(3);
u=1+ml/m2;
xprime (1)=x(2);
xprime (2)=(g*(sin(x(3))*cos(dt)-u*sin(x(1)))-...
(12%x(4) "2+11*x(2) “2*cos (dt) ) *sin(dt) )/ (11*(u-(cos(dt))"2));
xprime(3)=x(4) ;
xprime (4)=(g*ux(sin(x(1))*cos(dt)-sin(x(3)))+. ..
(ux11*x(2) "2+12*x(4) "2xcos(dt))*sin(dt) )/ (12* (u-(cos(dt)) ~2));

And the function call is

close all

global 11 12 m1 m2 g

11=1;

12=2;

mi=1;

m2=2;

g=9.8;

tspan=[0 500];

iniValue=[pi/3; pi/4; 0.01;0];
parameters=[g 11 12 ml m2];

step=0.1;
[t,x]=0de23s(’yorke’,tspan,iniValue, [],g,11,12,m1,m2);
%[t, x]=rk4(’physics’,tspan,iniValue,step);
x1=11*sin(x(:,1));
x2=11*sin(x(:,1))+12*sin(x(:,3));
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yi=l1*xcos(x(:,1));
y2=11*cos(x(:,1))+12*cos(x(:,3));

This time, we are able to graph the paths of each bob. We will present them in the
last section by using a MATLAB m-file called dpend.m. In the next section, we are
going to show Hamilton’s equations, which are difficult to solve with a normal solver.
We will not present these calculations in the paper.

4. More About Classical Mechanic

In the previous section, we obtain a system drove from Lagrange’s equation. However,
in this section, it will better to show Hamilton’s equation so that we will have a deeper
understanding of the double pendulum.

4.1. The Development of Hamilton’s Equations
If the Lagrangian were an explicit function of time, we write
It follows that,

H(qi; pi3 t),

which is called Hamilton’s formalism. We need some explanation for this. First, we
know that the kinetic energy is,

T = —maz”.
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Therefore, from ||p|| = mi, for p = ||p|| is the magnitude of momentum of a partial,

we have

oT 0,1
% = 2™
= mz
= |pll,
which is
_or
Pk = aq.k'

(31)

Recall the Lagrangian function, L = T—V. If V is independent '* of g, we can substitute

L into equation (31), that is,

oL
= e—=— 32
P= 50 (32)
For a system described by a set of generalized coordinates, pr = O0L/Ogk, where

ad=9(q1,92,- - qks---)-

For a conservative system, Lagrange’s equations are

4oy on
dt \ Oqg qu_ ’

_d (oL
pk_dt oGk ’

Therefore,

10V is defined to be the configuration of the system. Force is independent of velocity
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where pr, = OL/dqi, Obtain,

-2 g
¥ &Ik_
0L
pk—a—qk-
Because
L:L(thQaa"')qn;qlana"'

The differential of L is

", 9L L
L = e — — /
d kE:1(aqk dqr + B4 qu)

Form equation (31) and equation (32), we obtain

n

dL = " (Prdax + prda) +

k=1
Therefore, we have the following,

n n

d(> prgy — L) =Y _(prddy + grdpi) — dL
k=1

o
=

n

>
Il
-

M+ I

ot

x>
Il
—

_ — . . 0L
= (pedde + grdpr) — Y _ (Prdar + prdai) — —dt
k=1

(33)
,Gn;t).

oL
+ Edt.

OL
Edt'

ot

. . . . OL
(Prdgi + qrdpr, — prdar — prdqy) — —-dt

ot

. . oL
(grdpr — Prdqr) — —dt.
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At this point, we defined the Hamiltonian function H to be
H=> pige— L. (34)
k=1

That is,

— . . oL
dH = (qicdpr — pedar) — 5 &
k=1

L is an explicit function of (qx;dk;t). In many cases it is possible to express H as
an explicit function of (qy;px;t). This can be done by using the relation defining
generalized momentum, that is, OL/Jqy = py. Therefore, H can be written as

H=H(q,---,qn;P1,---,Pnit).

We may write the differential of H as

" OH OH OH

dH = —d —d, —dt

kzz:l(aqk qk+8pk qr) + 5

Thus, we obtain

o
gk = Or
- oH
P = Oar
OH _ 9L
o ot

These equations are Hamilton’s equations of motion.
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4.2. Hamilton’s Equations of The Double Pendulum
Recall the Lagrangian for the double pendulum,

1 .2 1 ) ..
L = §(m1 -+ mg)lfﬂl + §m21302 + m2l1120192 COS(91 — 02)
+(m1 + mg)gh cos b1 + nglg cos 05.
From equation (32), the angular momenta of the the double pendulum is,

L

Po, = - =(my + mg)lfél + mglyla6s cos(01 — 03) (35)
1

oL . .
P, = % e mglgeg + molila6; COS(01 = 92) (36)
2

According to equation (34), the Hamiltonian function for the double pendulum is,
H = (m1 + mg)l%912 + m2l1129291 COS(91 — 92)
aF m2l§6522 A m211129'19.2 008(91 — 92)
1 .2 1 .2 ..
o §(m1 —+ m2)l%01 e §m2l§02 e m2l1l26’102 COS(gl e 92)
— (m1 + ma)gly cos 01 — magls cos Os.
After arranging the terms, we have,
1 9p2 1 a8 2 ..
H = §(m1 + mg)l191 + §m21292 + m2l1120102 COS(01 — 02)

— (m1 + ma)gly cos B — magls cos bs.
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Therefore, by solving the system of equations (35) and (36) for 6; and 6s, then plug

into H, obtain,
B l%mgpgl +13(mq + mg)pz2 — 2mslylape, Dy, cos(6r — 02)
2l%l§m2 [’I’TL1 =F Sin2 (91 — 62)m2]

— magls cos Oy — (mq + ma)gly cos By

By using the Hamilton’s equation, we have

OH  lapg, — l1ps, cos(01 — 02)

o = (9p91 N l%l2 [’I’I’Ll —+ mo sin2(91 = 92)]
9-2 _ oH _ ll(m1 aF m2)p92 = lgmngl COS(91 — 02)
Opo, l13mamy + mo sin?(8; — 6)]
. OH .
Do, = ~08, —(m1 +mg)glysin, — C1 + Co
Do, = —g—z = —moglysinfy + C; — Cs.

Where C; and Cj are,

Do, Po, sin(91 — 92)
lllg[m1 + mo Sin2(91 — 92)]

13map? + 13 (my1 + ma)p3 — lilamapips cos(6y — 62)

C, =

02 = sin[2(91 — 92)]

21%15 [m1 —+ Mo sin2(01 = 92)]2
These equations can be solved numerically. The MATLAB codes are

function xprime=dp(t,x,flag,g,L1,L2,M1,M2)
C1=(x(3) .*x(4) .*sin(x(1)-x(2)))./...
(L1*L2% (M1+M2* (sin (x(1)-x(2)))."2));
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Apply The Theory C2=((L272xM2* (x(3)) . "2+L1" 2% (M1+M2) *. . .
(x(4)) . "2-L1L2#M2%x(3) . #x (4) . ¥cos (x(1)-x(2))) . ..

./ (2%L172%L272x (M1+M2*sin(x(1)-x(2))) ."2).72) ...
ksin (2% (x(1)-x(2)));
xprime=zeros(4,1);
e Pre | xprime (1)=(L2*x(3)-L1*x(4) .*cos(x(1)-x(2)))...
./ (L172+L2* (M1+M2* (sin(x(1)-x(2))) ."2));
xprime (2)=(L1*(M1+M2) *x (4) -L2*M2*x (3) . *cos (x(1)-x(2))) . ..
Title Page | ./ (L1*L272%M2* (M1+M2*sin(x(1)-x(2))) ."2);
xprime(3)=-(M1+M2) *g*L1*sin(x(1))-C1+C2;
xprime (4)=-M2*g*L2*sin(x(2))+C1-C2;

Numerical Solving

And the function call is

close all

< | > A1=2;

A2=3;

P1=1;

Page 30 of 39 | P2=2;
Li1=1;

L2=2;

Go Back | M2=3;
M1=1;

ti=3;

Full Screen | tf=5;

tspan=[ti tf]
InitialValue=[A1;A2;P1;P2];
Close | [t,x]=0de45(’doublependulum’ ,tspan,InitialValue, [],9.8,0L1,0L2,M1,M2);

xplacement=L1*sin(x(1))+L2*sin(x(2));
Quit |
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44 | »»
< | >
Page 31 of 39 |
Go Back |
Full Screen |
Close |
Quit |

yplacement=-L1l*cos (x(1))-L2*cos(x(2));
plot(xplacement,yplacement)

Since the system is very sensitive, we could not use ode45 to solve these equations,
unless we could pick some good initial conditions. However, since we know that, we
are able to solve the system numerically by using the second argument in section 3.2,
we don’t have to use Hamilton’s equations to show the chaotic motion of the double
pendulum.

5. Numerical Solving

It is difficult to solve the equations we obtained in the previous sections. In addition,
we can not view the chaotic motion of the double pendulum. In order to see the chaotic
motion, we need software to plot the trace of the motion of the pendulum. There are
tons of programs on the internet we can find to plot the motion of the pendulum?!'.
However, at the time we wrote this paper, we also created a m-file, called dpend.m. We
will use this m-file to explain a little bit of the chaotic motion.

There are three types of motion for the double pendulum. The first one is periodic
motion, the second one is quasiperiodic motion, and the third one is chaotic motion.

5.1. Periodic Motion

If the energy of the double pendulum is low enough, it would appear to be periodic
motion. In Figure 3, we can see the periodic motion of the double pendulum. The
second bob moves back and forth in a certain path, and we can predict the position of

HFor example, http://www.maths.tcd.ie/~plynch/SwingingSpring/doublependulum.html and
http://www.zfm.ethz.ch/meca/applets/doppelpendel /dPendulum.html
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Figure 3: Periodic motion
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the pendulum at every moment. In dpend, the input is

M1=3
M2 =3
L1=4
L2=3
AnVel =0
AnVe2 =0

Anglel = pi/4
Angle2 = pi/4
tolerance = le — 006

power = 1/3

5.2. Quasiperiodic Motion

If the energy of the double pendulum is at some threshold, where it is at the point
between periodic and chaotic, we will see the quasiperiodic motion of the double pen-
dulum in Figure 4. The motion has a certain period, but the bob can not repeat the
previous path. The input is
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Figure 4: Quasiperiodic motion



M1=3

M2 =3

Numerical Solving L1=14
L2=3

AnVel =0

AnVe2 = 10

Anglel = pi/2
Angle2 = pi/2
tolerance = le — 006
power = 1/4

5.3. Chaotic motion

If the energy of the double pendulum is high enough, but not too high, the motion will
be chaotic. In Figure 5, we can not predict the motion of the pendulum. The input is



Euler Equation

The Semiperfect Physics
Apply The Theory

More About Classical . ..

Numerical Solving

0.5

1.5}

Figure 5:

Chaotic motion
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L2=3
AnVel =2
AnVe2 = 10
Anglel = pi
Angle2 = pi
tolerance = 1le — 006

power = 1/3
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