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Abstract

The goal of this paper is to provide a fundamental understanding of the concepts
and mathematics behind rotational rigid body dynamics. Along the way we will
consider concepts such as angular momentum, rotational kinetic energy, rotating co-
ordinate systems and the inertia tensor. We will then apply what we have learned to
the case of an object rotating in the absence of a net force, and provide a detailed de-
scription of its motion. In doing so, we will provide a numerical solution and analysis
of the resulting differential equations governing it’s motion.

A Point Particle and Fundamental Quantities

We begin by defining angular momentum, L, and rotational kinetic energy, K, of a point
particle P with mass m. It’s position is defined by the vector r, which rotates with P. At
any instant the linear velocity of P is measured to be v. For convenience, we let the z-axis
be the axis of rotation. The direction of w that uniquely defines this rotation is then also
along the z-axis. It points in the positive direction as determined by the right hand rule.
This is illustrated in Figure 1.

In order to derive expressions for the particle’s angular momentum and rotational
kinetic energy, we need to relate v to w. Notice that at any instant, v is perpendicular to
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Figure 1: A Point Particle.




the plane formed by w and r. Along with the fact that v is proportional to r, we have the
cross product relationship

dr »
V=—=wxXr
dt
Also, recall from basic physics that the particle’s linear momentum, p = mv, and it’s

. . _ 1 2
kinetic energy, K = smuv=.

Rigid Bodies

We can treat a rigid body as a system of particles that all rotate with the same angular
velocity. The angular velocity vector, w, of a rigid body whose center of mass stays constant
is directed along its axis of rotation.

Angular Momentum

Since the linear momentum p of a point particle is mv, it follows that the particle’s angular
momentum L is defined as

L=rxp=rxmv=mrX(wxr)

The total angular momentum of a rigid body is then the vector sum of the individual
angular momenta of its particles.

L= Zmiri X (w X 1;) (1)

Note that each particle has a unique position vector r;, but w remains constant throughout
the sum. We can now make use of the identity for a triple cross product.

Ax(BxA)=A’B-A(A-B)
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Using this identity to compute the cross product in equation (1) we have
L= Zmiri X (wxr;) = mir?w — mur;(r; - w)
i=1

If we let (z4,v:,2;) be the coordinates if the i*" particle, then we have

L=> m(a? +y? +22)(Wob + wyd + wzR) — mi(mid + 1:d + 2iR) (Wai + wyys + wz2)
=1

L=Y,_m(@? +y} + 22 )wal + (27 + 37 + 22)wy+ (&7 + 47 + 27 )w.R—

(Wets + wylYi + w22 Tt — (W ks + wylYs + W, 2:)YiJ — (Wai + wyls + W, 2;) %K)

Grouping like components:

L=Y_ m(2} + 97 + 20 )we — (wWas + Wy + w,2:) ]84+
> mal(@? + y7 + 2wy — (wei + wyyi + wez)yili+
=1
Z mi[(x + Y7 + 27wz — (Wes + wyys + wy2) 2] R
=1

But noting that L = L,2+ L,j + L.R

L,i= Z:ml[(a:l2 + Y2 + 22wy — (WeTi + wyyi + w,2:)Ti]d
i=1

= mulwa (v + 2) — wyyimi — wezim]i
i=1
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Similarly:

Lyj=|wy Z mi(af + 27) — wy Z Mi%iY; — Wy Z miyizi | J 3)

i=1 =1 i=1 _

and ~ _
LR= |w, Y mi(@] +47) —we Yy miziti —wy Y mayizi | & (4)

=1 i=1 i=1 _

Moments of Inertia

In physics, the individual sums in equations (2), (3) and (4) have a fundamental impor-
tance. The three sums involving sums of the coordinates of the particles are known as
moments of inertia.

Z m;(y? + z2) = moment of inertia about the z-axis = I,
i=1
Z m;(z} + z7) = moment of inertia about the y-axis = I,,
i=1

Z m;(2? 4+ 3?) = moment of inertia about the z-axis = I,
=1

The moment of inertia about one of the axes is a measure of an object’s resistance to
rotations about that axis. This quantity is analogous to an object’s mass with respect to
translational motion.

Now notice that the other three sums repeat. That is, we are left with three other
distinct quantities involving products of coordinates. Hence, we call them products of
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inertia and are denoted using the following notation.

Z m,;x;y; = xy-product of inertia = I,

i=1
E m;x;2; = xz-product of inertia = I, . Introduction
i=1 Part One: Circulants. ..

Z m;Y;2; = yz-product of inertia = I,,..
=1

Substituting these into equations (2), (3), and (4), and then adding to obtain an expression
for the total angular momentum gives:

L = (wply — wylpy — wolp,) T+ (—wylpy +wyly —w 1y )i+ (—wely, — wyly, +w )& (5)

Rotational Kinetic Energy

The rotational form of kinetic energy is obtained by again using the relationship v = w xr.
1
K=_-mvl=_-mv-v=_-mwxr) v
2 2 2

And, similarly to finding the total angular momentum of a rigid object, we obtain the total
kinetic energy by summing up the individual kinetic energies of its constituent particles.

K = %;mz(w X Ti) - V;
Noting the triple scalar product identity
(AxB)-C=A-(BxC)
we have ) : 1
Kzggmiw-(rixvi)ziw-;miri X (wxri):gw.L




The Inertia Tensor

As we've seen, the expressions for angular momentum and kinetic energy for an object
rotating in three dimensions are complex and cumbersome. But we can write these quanti-
ties in a more compact form if we introduce what is known as the inertia tensor. Recalling Introduction
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L = (wply — wylpy — wplp,)T + (—wylpy + wyly — wDy)j + (—wyle, — wyly, + w, )ik
and writing this expression in components we have

Ly = wely —wylpy —w,ly,
Ly = —wylpy +wyly —w, I,

L,=—wzl;, — nyyz +w, I,

This system of equations can be written in matrix form as

L, I, _Izy =l Wy
Ly| =1y Iy —1y. Wy
Lz _Iacz _Iyz Iz Wz
or
L=1Iw

where I is the 3 x 3 matrix known as the inertia tensor. But, it is important to note that
while the inertia tensor takes the form of a matrix, it is really an operator. If we feed I and
angular velocity vector w, it will conveniently spit out the object’s angular momentum, L.

Since we have already defined an object’s kinetic energy in terms of L, we can now also

express K in terms of I.

K:%w~L:%w-(Iw) (6)

This will be useful later on.




Principal Axes and Diagonalization

We can simplify the inertia tensor by finding an object’s principal axes. Every rigid body
has three orthogonal principal axes. As we will see later, rotations purely about one of
these axes results in a constant angular velocity. But the goal of this section is to show
that when we choose our coordinate axes to coincide with an object’s principal axes, the
object’s products of inertia become zero. The inertia tensor then contains only the object’s
moments of inertia along its main diagonal. This process is called diagonalizing the inertia
tensor or simply diagonalization. This greatly simplifies computations involving I.

For an arbitrarily shaped object, the mathematical procedure for this is complex, but
when an object exhibits symmetry, we can use symmetry arguments. Take, for example,
a symmetrical cone. We begin by letting the z-axis be the body symmetry axis. For
convenience, we let the vertex of the cone reside at the origin.

Every point (z,y,z)on the cone in Figure 2 has a corresponding point (—z,—y,z) which
is a reflection across the z-axis. And in the sum of the products of the x and z or y and z
coordinates gives zero. Therefore, in the sum of the zz and yz products of inertia

Izz = E m;x;z; = 0
i=1

Iyz = Zmzyzzz =0
1=1

But we also need to show that the xy product of inertia is zero. Looking down on the
z-axis at the cone, we must now consider the reflections of our point (z,y,z) in all four
quadrants. These points are shown in Figure 3

Taking the sum of the four xy products we get

(zy) + (—ay) + (—ay) + (zy) = 22y — 20y =0

Therefore, in the total sum we can conclude that

i=1
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Figure 2: A symmetrical cone
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Figure 3: A symmetrical cone




With this coordinate system orientation, the inertia tensor becomes

L, 0 0
=0 1, o0
0 0 L

If we now re-examine the object’s rotational kinetic energy you can see how this pro-
cess greatly simplifies our analysis, which yields a concise expression for K. Expanding
equation (6)

1 [w= I, 0 O Wy 1 [w= wely
K=_-[wy 0 I, 0 wy =3 wy wyly
Wy 0 0 I, W, W,y w1,
1
K= E(Iwwi + Iw? + Lw?) (7)

Rotating Coordinate Systems

As we will see, in order to complete our analysis, we will need to introduce a rotating
coordinate system that stays fixed with our rotating body. We will let the primed set
of axes represent the fixed, or inertial, coordinate system, and the unprimed axes to be
the rotating coordinate system, as shown. Our goal now is to be able to relate vectors
as measured in one coordinate system to the same vectors as measured from the other.
Imagine that the point P in Figure 4 rotates with the unprimed axes. Its velocity vector
v is perpendicular to its position vector r. Since the origins of the coordinate system
coincide, the vector r must be the same as measured from either coordinate system.

r=x2+yj=2%+v'7

At first glance this seems strange. This is because the individual components of r will be
different in the two coordinate systems, but the sum of these components will yield the
same vector r.
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Figure 4: The above view




Our goal now is to relate how r changes as measured from the fixed frame of reference
to its rate of change as measured from the rotating frame of reference. In doing so, we will
consider the most general case. That is we will allow r to be changing with respect to both
coordinate systems. So, we take r as measured from the unprimed, or rotating, coordinate
system.

r=xt+yj

Next, we take the time derivative of r from the rotating frame of reference.

dr de . dy .
<E>rotating ; (Ez * EJ) (8)

We then take the same time derivative from the fized frame of reference. But now, z,y,1,
and j are all changing in time. Therefore, we must apply the product rule.

dr —dxi—i—xdi—i—dyﬁi— dj
dt ) ooyt Car at? "Vt

dr = d—xi—l—@A I :c@+ 4
dt )., \at' " at’ at Yt

Substituting equation (8)

dr dr i dj
(E)ﬁxed B (E)rotating - (ma - ya> (9)

So we are left with evaluating the right hand term of equation (9). To evaluate the time
derivatives of 7 and j, recall that v = % = w x r. We can treat the rotating unit vectors

as position vectors and infer that the time derivatives are

Grouping:

di . dj
%—wxz and E—wx.]
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Substituting these relationships into equation (9)

dr> <dr> ~ .
o = = + [z(w x 2) + y(w x J)]
< dt fixed dt rotating

dr . -~
=l . +w x (224 yJ)
dt rotating

<dr> L
=\ — w r
dt rotating

Although we have derived this relationship for a position vector, the relationship applies
to any vector. This gives us the general operator on any vector A

A A
(%) =(5)  +wxa (10)
dt fixed dt rotating

Euler’s Equations

We now have all the necessary tools to derive Euler’s equations. We start with Newton’s
second law in rotational form, which states that the net torque on an object is equal to its
rate of change of angular momentum. That is

dt dt
This statement is only valid when applied from an inertial reference frame. But notice that
in this scenario, the orientation of an object’s mass with respect to some fixed coordinate
system may change, if the object’s center of mass is changing in time. Therefore the inertia
tensor I is also changing in time. The difficulty is that we do not know how to take the
derivative of a changing inertia tensor. In order to overcome this difficulty, we must adopt
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a rotating coordinate system. Using the operator in equation (10)

dIw) (d(Iw)
dt - ( dt )rotating e (Iw)

For convenience we denote the net torque simply as 7. I is now constant and can be taken
outside the derivative.
dw
T=I|— +w x (Iw)
dt rotating
dw

An interesting simplification can be made if we consider the relationship between (—

i )rotating
and (‘fi—‘:)

T =

Again using our operator

(dw ) B (dw ) X w
dt fixed dt rotating

( dw ) B ( dw )
dt fixed dt rotating

Therefore, we need not distinguish which frame of reference we are in when we take the
time derivative of w, and we now have

fixed "

TZIZ—(;J—I—LU x (Iw) (11)
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Or, in matrix form, using the diagonalized inertia tensor we have

T I, 0 O Wy Wy I, 0 O Wy
™w]=10 I, 0O Wy | +lwy | x| 0 I, O Wy
Ty 0 0 I 2 Wy Wy 0 0 I z Wy Introduction
[ Wy wyly Part One: Circulants. . .
= |wyly | + | wy | x | wyly
w I, Wy w1,
[y 7 J R
w, I, wply wyly w.I,
Wyl wyw I, —wyw, I
= | wyly | + | ~wew. I, +wew. I,
w, I, Wawyly — wewyly

Or, in components

Tz = Wyw I, — wyw, Iy + w1,
Ty = Waw Iy — wyw, I, +wyly

Ty = Wawyly — wywy Iz +w, I,

These three equations are known as Euler’s equations of motion for a rigid body.

Force Free Rotations and Precession

We now move on to examine the case when the net torque on an object is zero. This has
many applications including an object freely falling in a gravitational field. (Assuming




that the field is uniform.) Setting 7 = 0 in Euler’s equations

. Iy_Iz
Wy = 7 Wyl
xr
w. —Iz_Imww
Yy — Wz
I,
w Iw_Iyww
z — Wy
I,

This is a system of three nonlinear first order differential equations easily solved using a
numerical solver such as Matlab’s ODE45. However, let’s first consider the nature of such
rotations qualitatively, and consider different initial conditions.

Initial Conditions and Equilibrium Solutions

The equilibrium points are obtained in the usual manner, by setting w,, w,, and w, = 0.
Solving the resulting system of equations simultaneously yields all solutions of the form

a 0 0
0 b or
0 0 c

where a, b, and c are any real numbers. That is, we have all points that lie on the coordinate
axes. Let’s think about this result.

If our initial condition lies on an axis, that means that w, initially, is directed along
that axis. This corresponds to a rotation purely about that axis. But we know that
solutions that start at equilibrium points stay constant for all time. And recall that our
coordinate axes correspond to the object’s principal axes. Therefore, we can conclude that
if an object begins rotating purely about one of its principal axes, its angular velocity will
remain constant forever. Otherwise, as we will see, w will change.
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Figure 5: An arbitrary rotation




So, now let’s consider the case when w is in some arbitrary direction. This physical
situation is depicted in Figure 5. In this situation, the cone is rotating about the z axis.
Meanwhile, its center of mass is orbiting the 2z’ axis. So, we essentially have two rotations
superimposed upon one another, and the cone’s total angular velocity vector, w, is the
sum of the components along the z and 2’ axes, due to the individual rotations.

Let’s now consider how w can change without the influence of a torque. Recalling, that
from an inertial frame of reference

dt dt
and we see that L must remain constant. However, since I is changing in time, w must
also change. In fact, w will do whatever it needs to, in order to keep L constant. This
change in w in the absence of a net torque is called precession. But let’s look again at
equation (11), which is our equation for torque from a rotating frame of reference. Setting
T=0

OZIZ—‘;—l—wX(Iw)

In this case, I is now constant in time. However, the additional right hand term, or pseudo
force is what causes w to precess. And, an interesting note is that two observers in the
different reference frames see a different cause for the precession of w. However, an analysis
from either reference frame will yield the same physical situation.

Kinetic Energy and the Ellipsoid

Since we are considering force free motion, we expect, from the principle of energy conser-
vation, that the object’s rotational kinetic energy will remain constant. This is verified by
taking the time derivative of K. Recalling equation (7) and differentiating, we have

1
K= i(Izwi + Iw; + Lw?)
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dK 1 . . .
= — (2 wawy + 2L wywy + 2L w,w,)

dt 2
Substituting in the differential equations for w,, w,, and w,
dK 1 I, —1I, Wy = I I = I Introduction
% - 5 (2190(4)33 Iz Wy - 2Iywy Iy Wels + QIZwZ Iz Waldy Part One: Circulants. ..
dK
= Walyws Iy = L)+ (I, — L) + (I — L))
=0

So, since K is constant, our expression for rotational kinetic energy becomes the equation
of an ellipsoid, whose surface represents values of w with the same energy. That is, the
surface of the ellipsoid represents a surface of constant energy in the 3-dimensional phase
space of w. This is called an inertial ellipsoid. And since K is constant for all time,
solutions that start on the surface of the ellipsoid, must remain on the surface for all time.
Otherwise, the rotating object would either gain or lose energy.

Furthermore, we already know that equilibrium points lie on the coordinate axes.
Therefore, for a given energy, the equilibrium points of the system are precisely where
the coordinate axes intersect the surface of the ellipsoid.

Example

If we let the moments of inertia about the x, y, and z axes equal 2, 1, and 3 respectively,
we have the given system of differential equations.

Wy = —WyW,
Wy = WaWw,

. 1

W, = -WgWy

3




And our equation for kinetic energy becomes
K = 1(2%25 + w? + 3w?)
9 Y
If we let K = 12, we obtain the equation of an inertial ellipsoid
24 = 2w2 + w2 + 3w

If we now pick off any initial condition that satisfies this equation of the ellipsoid, the
resulting solution trajectory must remain on the surface of the ellipsoid for all time. We
now use Matlab’s ODE45 routine to plot several of these solution trajectories. Figure 6
shows these solutions and the approximate locations of the six equilibrium points. Notice
that there are four stable equilibrium points that are centers. Two lie where the z axis
intersects the ellipsoid, and two lie where the y axis intersects the ellipsoid. However, the
other two equilibrium points are unstable, saddle points. These points are seen repelling
solutions that approach the two points where the z axis intersects the ellipsoid.

Now let’s imagine that we have an object rotating at the origin, whose axis of rotation
is purely about the z axis. w, then, is along the z axis and points directly at the stable
equilibrium point. If the object is slightly perturbed off this axis, w precesses slightly and
traces out nearly a perfect circle. However, if it is perturbed more, you can see the dips
that begin to show up in the path that w traces. These dips correspond to a slight wobble
in the object’s precession. This phenomenon is called nutation. The same motion occurs
when the axis of rotation is the y axis. However, if the axis of rotation is the x axis and w
points at an unstable equilibrium point, the story is quite different. If the object is barely
tapped, w will virtually reverse its direction and oscillate between the two positions in a
rather peculiar manner.

So, the numerical solution is consistent with our qualitative analysis. And along with
Euler’s equations and our physical interpretation, we have a complete description of force
free rotations of rigid bodies.
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Figure 6: An inertial ellipsoid
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