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D v|vwhp ri ñuvw rughu ruglqdu| glòhuhqwldo htxdwlrqv kdv wkh iroorzlqj irup=

g\

gw
@ I +w>\, +4,

Qrwh wkdw htxdwlrq +4, lv vlplodu lq irup wr wkdw ri d ñuvw rughu ruglqdu| glòhu0
hqwldo htxdwlrq=

g|

gw
@ i+w> |, +5,

Krzhyhu/ htxdwlrq +4, pdnhv khdy| xvh ri yhfwru qrwdwlrq1 Yhfwru qrwdwlrq/
wkrxjk hohjdqw/ fdq dovr eh wkrurxjko| frqixvlqj1 Ohw*v wdnh d prphqw wr ohyho
wkh sod|lqj ñhog d elw1

�ë� Aüi èLtð|ðL? ViU|Lh

\rx duh suredeo| idploldu zlwk sdudphwulf htxdwlrqv1 Iru h{dpsoh/ wkh sdud0
phwulf htxdwlrqv

{ @ frv w +6,

| @ vlq w
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Iljxuh 4= Wkh sorw ri { @ frv w/ | @ vlq w/ 3 é w é 5ä1

ghñqh wkh sdwk vkrzq lq Iljxuh 4 ryhu wkh wlph lqwhuydo 3 é w é 5ä1
Qrz/ lpdjlqh d yhfwru/ zlwk wdlo srvlwlrqhg dw wkh ruljlq/ wkh wls ri zkrvh

khdg wudfhv rxw wkh sdwk vkrzq lq Iljxuh 41 Vxfk d yhfwru lv fdoohg d srvlwlrq
yhfwru1 Wkhuh duh vhyhudo htxlydohqw qrwdwlrqv iru wkh srvlwlrq yhfwru wkdw wudfhv
wkh sdwk lq Iljxuh 41 Pxowlyduldeoh fdofxoxv vwxghqwv xvh wkh qrwdwlrq \+w, @
frv wl . vlq wm wr ghñqh wkh srvlwlrq yhfwru1 Olqhdu dojheud vwxghqwv suhihu wkh
iroorzlqj qrwdwlrq=

\+w, @

é
frv w
vlq w

è
+7,

Wh{werrn sxeolvkhuv/ lq dq hòruw wr frqvhuyh vsdfh/ zloo xvh \+w, @ ^frv w> vlq w`
ru \+w, @ +frv w> vlq w, wr ghqrwh wkh srvlwlrq yhfwru1

�ë2 Aüi Vi*LUð|) ViU|Lh

Li |rxu ñuvw fdofxoxv fodvv/ rqfh |rx kdg ghñqhg wkh srvlwlrq ri d sduwlfoh rq d
olqh dv d ixqfwlrq ri wlph/ wkhq wkh ñuvw ghulydwlyh +zlwk uhvshfw wr wlph, ri wkh
srvlwlrq ixqfwlrq ghñqhg wkh yhorflw| ri wkh sduwlfoh dv d ixqfwlrq ri wlph1 Lw lv
qr glòhuhqw lq wkh sodqh1 Li |rx ghñqh wkh srvlwlrq ri d sduwlfoh dv d ixqfwlrq ri
wlph +e| ghñqlqj wkh srvlwlrq yhfwru,/ wkhq wkh ñuvw ghulydwlyh ri wkh srvlwlrq
yhfwru +zlwk uhvshfw wr wlph, |lhogv wkh yhorflw| ri wkh sduwlfoh dv d ixqfwlrq ri
wlph1
Lw lv d vlpsoh pdwwhu wr glòhuhqwldwh d yhfwru ydoxhg ixqfwlrq1 Li \+w, @

^{+w,> |+w,`/ wkhq
g

gw
\+w, @

é
g
gw{+w,
g
gw|+w,

è
ru/ lq vkruwkdqg qrwdwlrq/

g\

gw
@

é
g{
gw
g|
gw

è
+8,

5



position vector

velocity vector

Iljxuh 5= Wkh yhorflw| lv wkh ñuvw ghulydwlyh ri wkh srvlwlrq1

Iru h{dpsoh/ li \+w, @ ^frv w> vlq w`/ wkhq g\@gw @ ^ý vlq w> frv w`1

�ëô ViU|Lh 6ði*_t

Frqvlghu wkh ixqfwlrq ghñqhg e| I+{> |, @ X+{> |,l. Y +{> |,m ru

I+{> |, @

é
X+{> |,
Y +{> |,

è
+9,

Htxdwlrq +9, dvvrfldwhv d yhfwru ^X+{> |,> Y +{> |,` zlwk hdfk srlqw +{> |, lq wkh
sodqh1 Wkh vhw ri yhfwruv surgxfhg e| htxdwlrq +9, lv fdoohg d yhfwru ñhog1
Iru h{dpsoh/ frqvlghu wkh yhfwru ñhog ghñqhg e| wkh htxdwlrq

I+{> |, @

é ý|
{

è
+:,

Htxdwlrq +:, dvvrfldwhv d yhfwru zlwk hdfk srlqw lq wkh sodqh1 Iru h{dpsoh/
I+4> 4, @ ^ý4> 4`1 \rx zrxog sorw wklv uhvxow e| frqvwuxfwlqj wkh yhfwru ^ý4> 4`
dw wkh srlqw +4> 4,/ dv vkrzq lq Iljxuh 61Qrz/ vhohfw d julg ri srlqwv lq wkh sodqh/
fdofxodwh I+{> |, dw hdfk srlqw +{> |, lq wkh julg/ dqg dwwdfk wkh uhvxowlqj yhfwru
dw wkh srlqw +{> |, dv vkrzq lq Iljxuh 61 Li |rx gr wklv dw hdfk srlqw ri |rxu
julg/ |rx jhw wkh yhfwru ñhog vlplodu wr wkdw vkrzq4 lq Iljxuh 71Li wkh yhfwruv
duh ohiw dw wkhlu h{dfw ohqjwk/ wkh yhfwru ñhog txlfno| ehfrphv furzghg dqg

�Aüi ñiU|Lh �i*_ ð? 6ð}ýhi e ê@t ThL_ýUi_ êð|ü |üi uL**Lêð?} �@|*@M UL44@?_tG
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Iljxuh 6= Wkh yhfwru ^ý4> 4` dwwdfkhg wr wkh srlqw +4> 4,1
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Iljxuh 7= Wkh yhfwru ñhog I+{> |, @ ^ý|> {`1
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xquhdgdeoh/ dv |rx fdq vhh lq Iljxuh 71 Wkhuhiruh/ vriwzduh surjudpv xvxdoo|
vfdoh wkh yhfwruv vr wkdw wkhlu ohqjwkv duh fruuhfw uhodwlyh wr rqh dqrwkhu1 Wkh
gluhfwlrqv ri wkh yhfwruv uhpdlq wkh vdph1 Wklv jlyhv d jrrg lqglfdwlrq ri wkh
ðrz zlwkrxw ryhuo| furzglqj wkh ñhog1 Dq h{dpsoh ri wklv vfdolqj lv vkrzq lq
Iljxuh 8/ zkhuh wkh yhfwru ñhog uhsuhvhqwhg e| I+{> |, @ ^ý|> {` lv gudzq51
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Iljxuh 8= Vfdolqj wkh yhfwru ñhog I+{> |, @ ^ý|> {`1

�ëe èý||ð?} W| ú** AL}i|üih

Frqvlghu wkh iroorzlqj v|vwhp ri ñuvw rughu ruglqdu| glòhuhqwldo htxdwlrqv1

g{

gw
@ ý| +;,

g|

gw
@ {

:: bã_&l$2fpû{eð[Cí0D�D0å%

:: ý $ í&% ñ$ã%

:: ZýðñfeCã_&_ý_ñ_då
2Aüi ñiU|Lh �i*_ ð? 6ð}ýhi e ê@t ThL_ýUi_ êð|ü |üi uL**Lêð?} �@|*@M UL44@?_tG
:: bã_&l$2fpû{eð[Cí0DìBD0å%

:: ý $ í&% ñ$ã%

:: ZýðñfeCã_&_ý_ñå
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Wkh iroorzlqj v|vwhp lv lghqwlfdo wr wkh v|vwhp +;,/ exw hpskdvl}hv wkdw wkh
vroxwlrqv { dqg | duh ixqfwlrqv ri wlph w1

g

gw
{+w, @ ý|+w, +<,

g

gw
|+w, @ {+w,

Wkh wdvn ehiruh xv lv wr ñqg ixqfwlrqv {+w, dqg |+w, wkdw vdwlvi| erwk glòhuhqwldo
htxdwlrqv lq v|vwhp +<,1
Wkh iroorzlqj v|vwhp lv lghqwlfdo wr wkh v|vwhpv +;, dqg +<,/ exw lw lv zulwwhq

lq yhfwru irup1 é
g
gw{+w,
g
gw|+w,

è
@

é ý|+w,
{+w,

è
+43,

Li zh zulwh wkh vroxwlrq wr v|vwhp +43, dv \+w, @ ^{+w,> |+w,`/ wkhq g
gw\+w, @

^ ggw{+w,>
g
gw|+w,` dqg htxdwlrq +43, wdnhv rq wkh irup vkrzq lq htxdwlrqv +44,

dqg +45,/ zkhuh I+{+w,> |+w,, @ ^ý|+w,> {+w,`1
g

gw
\+w, @ I+{+w,> |+w,, +44,

g

gw
\+w, @ I+\+w,, +45,

Li |rx dvvxph wkdw \ lv d ixqfwlrq ri w/ wkhq |rx fdq deeuhyldwh ixuwkhu/ dv
vkrzq lq htxdwlrq +46,1

g\

gw
@ I+\, +46,

Wkh v|vwhp uhsuhvhqwhg e| htxdwlrq +46, lv dxwrqrprxv1 Wkh yhfwru ñhog rq
wkh uljkw vlgh ri htxdwlrq +46, grhv qrw fkdqjh zlwk wlph1

�ëD ûL? úý|L?L4Lýt

Frqvlghu wkh iroorzlqj v|vwhp ri ñuvw rughu ruglqdu| glòhuhqwldo htxdwlrqv1

g{

gw
@ {. | ý frv w +47,

g|

gw
@ {ý | ý vlq w

Lq yhfwru irup/ v|vwhp +47, zrxog kdyh wkh iroorzlqj dsshdudqfh=é
g{
gw
g|
gw

è
@

é
{. | ý frv w
{ý | ý vlq w

è
+48,

Rqfh djdlq/ hpskdvl}h wkdw vroxwlrqv { dqg | duh ixqfwlrqv ri wlph w1é
g
gw{+w,
g
gw|+w,

è
@

é
{+w, . |+w,ý frv w
{+w,ý |+w,ý vlq w

è
+49,

9



Djdlq/ li wkh vroxwlrq lv zulwwhq dv \+w, @ ^{+w,> |+w,`/ wkhq htxdwlrq +49, wdnhv
rq wkh irup vkrzq lq htxdwlrqv +4:, dqg +4;,/ zkhuh I+w> {+w,> |+w,, @ ^{+w, .
|+w,ý frv w> {+w,ý |+w,ý vlq w`1

g

gw
\+w, @ I+w> {+w,> |+w,, +4:,

g

gw
\+w, @ I+w>\+w,, +4;,

Li |rx dvvxph wkdw \ lv d ixqfwlrq ri w/ wkhq |rx fdq deeuhyldwh ixuwkhu/ dv
vkrzq lq htxdwlrq +4<,=

g\

gw
@ I+w>\, +4<,

Ehfdxvh wkh yhfwru ñhog rq wkh uljkw vlgh ri htxdwlrq +4<, lv d ixqfwlrq ri erwk
wlph dqg srvlwlrq/ wkh v|vwhp lv qrq0dxwrqrprxv1

2 , @U| 5L*ý|ðL?t

Frqvlghu wkh iroorzlqj lqlwldo ydoxh sureohp1

g{

gw
@ ý| +53,

g|

gw
@ {

{+3, @ 4

|+3, @ 3

Lw lv dq hdv| pdwwhu wr xvhPdwode*v V|perolf Wrroer{ wr ñqg d v|perolf vroxwlrq
ri wkh LYS +53,1

AA ^{/|`@gvroyh+*G{@0|/G|@{*/*{+3,@4/|+3,@3*,

{ @

frv+w,

| @

vlq+w,

\rx fdq surgxfh { yhuvxv w/ | yhuvxv w/ dqg | yhuvxv { sorwv zlwk wkh iroorzlqj
vhtxhqfh ri frppdqgv1 Sodfh wkhvh frppdqgv lq d vfulsw ñoh fdoohg h{dfw1p
dqg h{hfxwh wkh ñoh e| w|slqj h{dfw dw wkh Pdwode surpsw1

:



w@olqvsdfh+3/5-sl,>

{@frv+w,>|@vlq+w,>

vxesorw+5/5/4,

sorw+w/{,

d{lv wljkw

wlwoh+*{ yhuvxv w sorw*,

vxesorw+5/5/5,

sorw+w/|,

d{lv wljkw

wlwoh+*| yhuvxv w sorw*,

vxesorw+5/4/5,

sorw+{/|,

d{lv vtxduh

wlwoh+*| yhuvxv { sorw*,

vhw+jfi/*QxpehuWlwoh*/*rii*,

vhw+jfi/*Qdph*/*g{2gw @ 0|/ g|2gw @ {/ {+3,@4/ |+3,@3*,

Wkh vxesorw frppdqg lv xvhg wr sodfh vhyhudo sorwv rq wkh vdph sdjh1 Lw
lv d yhu| ðh{leoh frppdqg dqg |rx fdq ñqg d qlfh ghvfulswlrq e| w|slqj khos
vxesorw dw wkh Pdwode surpsw1 Qrwh wkh idqf| xvh ri wkh d{lv frppdqg lq wkh
vfulsw ñoh h{dfw1p1 W|sh khos d{lv dw wkh Pdwode surpsw wr ñqg qxpehu ri
glòhuhqw xvhv ri wkh d{lv frppdqg1 Ilqdoo|/ qrwh krz zh wxuqhg rò wkh ñjxuh
qxpehu dqg dgghg d qdph wr wkh ñjxuh zlqgrz1 Pdwode*v vr0fdoohg _kdqgoh
judsklfv% doorz wkh xvhu wr frpsohwho| fxvwrpl}h wkh ñjxuh zlqgrz1 W|sh
vhw+jfd, ru vhw+jfi, wr jhw olvwv ri wkh d{lv dqg ñjxuh zlqgrz surshuwlhv wkdw
fdq eh prglñhg zlwk wklv whfkqltxh1

ô ,ý*ih<t �i|üL_

\rx fdq h{suhvv wkh lqlwldo ydoxh sureohp srvhg lq htxdwlrq +53, lq yhfwru irup
dv vkrzq lq htxdwlrq +54,

g

gw
\+w, @ I+w>\+w,,> \+3, @

é
4
3

è
+54,

zkhuh \+w, @ ^{+w,> |+w,` dqg I+w>\+w,, @ ^ý|+w,> {+w,`1 Vlqfh {+3, @ 4 dqg
|+3, @ 3/ \+3, @ ^{+3,> |+3,` @ ^4> 3`1
Hxohu*v phwkrg lv d qxphulfdo urxwlqh iru frpsxwlqj vroxwlrqv ri LYSv1 Gu1

Sronlqj ri Ulfh Xqlyhuvlw| kdv zulwwhq d urxwlqh/ hxo1p/ zklfk zloo surgxfh d
qxphulfdo vroxwlrq ri dq LYS xvlqj Hxohu*v phwkrg1 \rx zloo qhhg wr gr wzr
wklqjv wr vroyh LYS +54,=

î Fuhdwh d ixqfwlrq P0ñoh ghñqlqj wkh uljkw vlgh ri wkh LYS1
î Xvh Gu1 Sronlqj*v hxo1p urxwlqh wr ñqg dq dssur{lpdwh vroxwlrq1

;



ôë� çhi@|ð?} |üi �í�*i

Rshq d qhz ñoh lq wkh Pdwode P0Iloh Hglwru2Ghexjjhu dqg hqwhu wkh iroorzlqj
olqhv ri frgh=

ixqfwlrq \sulph@I+w/\,

\sulph@}hurv+5/4,>

\sulph+4,@0\+5,>

\sulph+5,@\+4,>

Vdyh wkh ñoh dv I1p lq d gluhfwru| rq |rxuPdwode sdwk1 Wkhuh duh vhyhudo lp0
sruwdqw srlqwv wr qrwh zkhq |rx fuhdwh wkh P0ñoh iru wkh LYS +54, uhsuhvhqwlqj
wkh v|vwhp ri ñuvw rughu RGHv lq htxdwlrq +53,1

î Qrwh wkh xvh ri xsshufdvh wr uhsuhvhqw yhfwruv/ zkloh orzhu fdvh lv xvhg wr
uhsuhvhqw vfdoduv1 Dowkrxjk wklv lv qrw uhtxluhg/ lw lv jrrg sudfwlfh1 Xsshu
fdvh uhplqgv xv wkdw wkh yduldeoh uhsuhvhqwv d yhfwru1

î Vlqfh \+w, @ ^{+w,> |+w,`/ wkh lqsxw \ wr wkh ixqfwlrq I lv d froxpq yhfwru
zlwk wzr hohphqwv1 Wkh ñuvw hohphqw ri wkh yhfwru \/ zklfk htxdov {+w,/
lv dffhvvhg zlwk wkh qrwdwlrq \+4,1 Wkh vhfrqg hohphqw ri wkh yhfwru |/
zklfk htxdov |+w,/ lv dffhvvhg zlwk wkh qrwdwlrq \+5,1

î Vlqfh\+w, @ ^{+w,> |+w,` lv d yhfwru/ vr wrr lv g\+w,@gw1 Wkh olqh \sulph@}hurv+5/4,
fuhdwhv d wzr hohphqw froxpq yhfwru +5 urzv/ 4 froxpq, zlwk d }hur lq hdfk
hqwu|1 Wkh yduldeoh \sulph uhsuhvhqwv g\@gw1 Lqlwldol}lqj yduldeohv lq wklv
pdqqhu lv uhfrpphqghg e| wkh Pdwkzrunv dqg lv d jrrg uhplqghu wkdw
\sulph lv d wzr0hohphqw froxpq yhfwru1

î \sulph+4,/ zklfk htxdov g{@gw/ lv wkh ñuvw hohphqw ri wkh yhfwru \sulph>
\sulph+5,/ zklfk htxdov g|@gw/ lv wkh vhfrqg hohphqw ri wkh yhfwru \sulph1

î Ehfdxvh g{@gw @ ý|/ \sulph+4,@0\+5,1 Ehfdxvh g|@gw @ {/ \sulph+5,@\+4,1
î Wkh yhfwru ñhog lq v|vwhp +53, lv dxwrqrprxv1 Qrwh wkdw wkh yduldeoh w lv
qrw xvhg lq ghñqlqj \sulph1 Krzhyhu/ |rx pxvw vwloo lqfoxgh w dv vkrzq
lq wkh ñuvw olqh ri wkh ixqfwlrq P0ñoh1

ôë2 ç@**ð?} ,Nwë�

\rx zloo qrz xvh hxo1p wr ñqg d qxphulfdo vroxwlrq ri +54, rq wkh lqwhuydo
^3> 5ä`1 Iluvw/ w|sh khos hxo dqg uhdg wkh uhvxowlqj khosñoh1 Qrwh wkdw zh qhhg
wr sdvv wklv urxwlqh vhyhudo sdudphwhuv1

*I* D vwulqj frqwdlqlqj wkh qdph ri wkh ixqfwlrq P0ñoh
wvsdq Wkh wlph lqwhuydo lq wkh irup ^w3/wilqdo`

\3 Wkh lqlwldo \0ydoxh1 Wklv pxvw eh d froxpq yhfwru1
vvl}h Wkh vwhs vl}h

<



Wkh ixqfwlrq vwulqj qdph lv *I*/ wkh qdph ri wkh ixqfwlrq P0ñoh zh fuhdwhg
wr hydoxdwh wkh uljkw vlgh ri LYS +54,1 Wkh wlphvsdq wvsdq lv wkh lqwhuydo ^3/
5-sl`/ dqg wkh lqlwldo ydoxh \3 lv ^4>3` +uhphpehu wkdw \+3, @ ^4> 3`,1 Qrwh
wkdw wkh lqlwldo ydoxh pxvw eh d froxpq yhfwru1 Ohw*v xvh d vwhs vl}h ri 3181

AA ^whxo/\hxo`@hxo+*I*/^3/5-sl`/^4>3`/318,

whxo @

3

318333

413333

418333

513333

518333

613333

618333

713333

718333

813333

818333

913333

915;65

\hxo @

413333 3

413333 318333

31:833 413333

315833 416:83

03176:8 418333

0414;:8 415;45

041;5;4 319;:8

0514:4< 0315599

05138;9 0416458

0417356 051674;

0315647 0613763

415<33 06148;:

51;9<7 051846:

618;45 041:344

Ohw*v pdnh vhyhudo lpsruwdqw srlqwv derxw wklv vroxwlrq1

î Wkh froxpq yhfwru whxo frqwdlqv wkh wlph1 Qrwh wkdw frqvhfxwlyh hohphqwv
lq wklv yhfwru duh lqfuhphqwhg e| wkh vwhs vl}h/ lq wklv fdvh 3181

43



î Wkh pdwul{ \hxo frqwdlqv wkh srvlwlrq ri wkh sduwlfoh lq wkh {|0sodqh dw wkh
wlphv lqglfdwhg lq whxo1 Wkh ñuvw froxpq ri \hxo frqwdlqv wkh {0ydoxh ri
wkh srvlwlrq/ wkh vhfrqg froxpq frqwdlqv wkh |0ydoxh1 Wr ñqg wkh srvlwlrq
ri wkh sduwlfoh dw d sduwlfxodu wlph/ ñuvw orfdwh wkh wlph lq wkh yhfwru whxo/
wkhq orfdwh wkh srvlwlrq lq wkh fruuhvsrqglqj urz ri \hxo1 Iru h{dpsoh/
dw wlph w @ 3=8 vhfrqgv/ wkh sduwlfoh lv dw wkh srlqw +4=3333> 3=8333, lq wkh
sodqh1

ôëô è*L||ð?} |üi +itý*|t

Wdnh d prphqw wr fuhdwh wkh iroorzlqj sorwv61

î \rx fdq rewdlq d sorw ri { yhuvxv w zlwk wkh frppdqg sorw+whxo/ \hxo+=/4,,1
î \rx fdq rewdlq d sorw ri | yhuvxv wzlwk wkh frppdqg sorw+whxo/ \hxo+=/5,,1
î \rx fdq rewdlq d sorw ri | yhuvxv { zlwk wkh frppdqg sorw+\hxo+=/4,/
\hxo+=/5,,1

Ohw*v frpsduh wkh Hxohu vroxwlrq zlwk wkh h{dfw vroxwlrq1 Rshq wkh Pdwode
P0Iloh Hglwru2Ghexjjhu dqg hqwhu wkh iroorzlqj olqhv ri frgh1

w@olqvsdfh+3/5-sl,>

{@frv+w,>|@vlq+w,>

^whxo/\hxo`@hxo+*I*/^3/5-sl`/^4>3`/318,>

sorw+{/|/\hxo+=/4,/\hxo+=/5,,

d{lv htxdo

ohjhqg+*H{dfw*/*Hxohu*,

vhw+jfi/*QxpehuWlwoh*/*rii*,

vhw+jfi/*Qdph*/*Frpsdulqj wkh Hxohu vroxwlrq dqg h{dfw vroxwlrq*,

Vdyh wkh ñoh dv h{dfwhxo1p1 Hqwhu wkh frppdqg

AA h{dfwhxo

dw wkh Pdwode surpsw wr surgxfh d qlfh frpsdulvrq ri wkh Hxohu dqg h{dfw
vroxwlrqv1

e +k2

Wkh pdfklqhu| lv lq sodfh wr hdvlo| fuhdwh d vroxwlrq xvlqj Gu1 Sronlqj*v un51p
urxwlqh/ dq lpsuryhg Hxohu*v phwkrg1 Vdyh wkh ñoh

ôW? |üi i @4T*it |ü@| uL**Lêc |üi ?L|@|ðL? &fý'CD_�å ðt hi@_ Riñih) hLêc �ht| UL*ý4?câ
@?_ U@T|ýhit |üi %íñ@*ýit ð? |üi �ht| UL*ý4? Lu &fý'ë 5ð4ð*@h*)c |üi ?L|@|ðL? &fý'CD_0å ðt
hi@_ Riñih) hLêc tiUL?_ UL*ý4?câ @?_ U@T|ýhit |üi +íñ@*ýit ð? |üi tiUL?_ UL*ý4? Lu &fý'ë
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w@olqvsdfh+3/5-sl,>

{@frv+w,>|@vlq+w,>

^wun5/\un5`@un5+*I*/^3/5-sl`/^4>3`/318,>

sorw+{/|/\un5+=/4,/\un5+=/5,,

d{lv htxdo

ohjhqg+*H{dfw*/*UN5*,

vhw+jfi/*QxpehuWlwoh*/*rii*,

vhw+jfi/*Qdph*/*Frpsdulqj wkh UN5 vroxwlrq dqg h{dfw vroxwlrq*,

dv h{dfwun51p dqg hqwhu wkh frppdqg

AA h{dfwun5

dw wkh Pdwode surpsw wr surgxfh d qlfh frpsdulvrq ri wkh UN5 dqg h{dfw
vroxwlrqv1

D +ke

Ri frxuvh/ UN7 vkrxog surgxfh wkh forvhvw qxphulfdo dssur{lpdwlrq ri wkh h{dfw
vroxwlrq1 Vdyh wkh ñoh

w@olqvsdfh+3/5-sl,>

{@frv+w,>|@vlq+w,>

^wun7/\un7`@un7+*I*/^3/5-sl`/^4>3`/318,>

sorw+{/|/\un7+=/4,/\un7+=/5,,

d{lv htxdo

ohjhqg+*H{dfw*/*UN7*,

vhw+jfi/*QxpehuWlwoh*/*rii*,

vhw+jfi/*Qdph*/*Frpsdulqj wkh UN7 vroxwlrq dqg h{dfw vroxwlrq*,

dv h{dfwun71p dqg hqwhu

AA h{dfwun7

dw wkh Pdwode surpsw wr surgxfh d qlfh frpsdulvrq ri wkh UN7 dqg h{dfw
vroxwlrqv1

S çL4T@hð?} |üi 5L*ý|ðL?t

Ilqdoo|/ wkh iroorzlqj frgh zloo fuhdwh d qlfh ylvxdo frpsdulvrq ri wkh urxwlqhv
hxo1p/ un51p/ dqg un71p1

AA sorw+{/|/\hxo+=/4,/\hxo+=/5,/\un5+=/4,/\un5+=/5,/\un7+=/4,/\un7+=/5,,

AA d{lv htxdo

AA ohjhqg+*H{dfw vroxwlrq*/*Hxohu**v phwkrg*/*UN5 phwkrg*/*UN7 phwkrg*,

Qrwh wkdw |rx qhhg wr xvh wzr vlqjoh dsrvwurskhv wr surgxfh wkh dsrvwurskh
lq wkh ohjhqg iru wkh zrug Hxohu*v1
H{shulphqw e| fkdqjlqj wkh vwhs vl}h e| dq htxdo dprxqw lq wkh ñohv

h{dfwhxo1p/ h{dfwun51p/ dqg h{dfwun71p1
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41 Frqvlghu wkh iroorzlqj dxwrqrprxv v|vwhp1

g{

gw
@ ý6{ý 7| +55,

g|

gw
@ 7{ý 6|

{+3, @ 4

|+3, @ 3

Wkh jrdo lq wklv sureohp lv wr h{dplqh wkh vroxwlrq zlwk lqlwldo frqglwlrq
{+3, @ 4 dqg |+3, @ 31

+d, Xvh Pdwode*v gvroyh frppdqg wr ñqg wkh h{dfw vroxwlrq ri v|vwhp
+55, zlwk lqlwldo frqglwlrq {+3, @ 4 dqg |+3, @ 31

+e, Ilqg qxphulf vroxwlrqv xvlqj Hxohu*v phwkrg/ UN5/ dqg UN71 Xvh d
vwhs vl}h ri k @ 3=4 lq hdfk fdvh1

+f, Fuhdwh wkh iroorzlqj sorwv1 Sulqw wkhp dqg kdqg wkhp lq qh{w fodvv1

l1 Sorw wkh h{dfw vroxwlrq ri v|vwhp +55, wkuhh zd|v= { yhuvxv w/ |
yhuvxv w/ dqg | yhuvxv {1 Duudqjh hdfk ri wkh sorwv lq wkh vdph
ñjxuh zlqgrz zlwk wkh vxesorw frppdqg1 Jlyh hdfk vxesorw
dq dssursuldwh wlwoh1 Wxuq wkh ñjxuh qxpehu rò dqg uhqdph wkh
ñjxuh zlqgrz dssursuldwho|1

ll1 Rq wkh vdph d{hv/ sorw wkh judskv ri wkh h{dfw/ Hxohu/ UN5/
dqg UN7 vroxwlrqv1 Lqfoxgh d ohjhqg zlwk |rxu ñjxuh1 Wxuq wkh
ñjxuh qxpehu rò dqg uhqdph wkh ñjxuh zlqgrz dssursuldwho|1
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