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Abstract
The purpose of this paper is to discuss the solving of the game Lights Out! using Linear Algebra.

1. Introduction

Title Page

Lights Out! is a puzzle-type game manufactured by Tiger Electronics. It consists of a 5 X 5 board of
buttons which can be lit up. When a button is pushed, it’s state changes as well as the state of all the
buttons adjacent to it. If a button was lighted up, when pushed, it turns off, if a button starts with it’s
light off, pushing the button turns it on. For example, if the beginning state of the game board is all
the lights being out, then pushing the blue button indicated below causes it and all the yellow buttons
to light up.

1 3|45
6 781|910
11 (12|13 |14 | 15
16 | 17 | 18 | 19 | 20
211221232425

Pushing the next button indicated in blue causes the following changes.
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6 819 |10
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The final state of the board is:

112 3|45
6 |7 8|9 |10
11 12|13 |14 | 15
16 | 17 | 18 | 19 | 20
211221232425

Notice that the effect of the blue buttons being pressed is not changed when the buttons are pressed
in reverse order. The order of presses does not matter! The goal of the game is, starting with any given
state of the game board, any random combination of the lights being on, to turn all the lights off, or
should we say, out.

2. Playing with Linear Algebra

For facility of explaining the game in terms of vectors and matrices, let the buttons on the board be
numbered in the following way:

27 oy, B
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The game board can be depicted as a 25 x 1 vector with the first term representing button 1, the
second term representing button 2, and so on. For the simplest way to represent the game, the vector
has only 1’s and 0’s in it. 1 represents a button with its light on and 0 represent a button with its light
off. Suppose the initial state of the board is all lights are out. This is a vector of all 0’s. If button 5
is pressed, then it lights up along with adjacent buttons 4 and 10. Here’s the vector aj that represents
what happens when button 5 is pressed.
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This is a vector arranged in a 5 x 5 fashion for the sake of space and clarity as to what is happening.
This will be done throughout the paper. Similarly,

0000 0
0100 O
=1 110 0
0100 0
0 00 0 0

Each button i’s action can be represented by a vector a@; that shows what other buttons are changed
when button 7 is pressed. The effect of pushing a combination of buttons can be found by adding the
“effect” vectors, the a;’s for the buttons pushed.

2.1. Important Note:

Before going any farther, some special addition operators must be defined for the set of vectors and
matrices that depict this game. The number zero represents a light being out and the number one
represents a light being on. No other numbers are needed in this set. We want all operations on any of
the vectors that describe this game to produce vectors with only 0’s and 1’s in them. No other numbers
would make any sense. Thus, this is a set in (Z2)?® where Z, is the subspace containing only 1 and 0.
So here is addition in this subspace:

0+1=1
1+0=1
0+0=0
1+1=0

These totally make sense in the context of the game. Changing the state of an unlit button results in a
lit button, as well as not changing the state of a lit button. Not changing the state of an unlit button
results in an unlit button. And finally, why 1 4+ 1 = 0, changing the state of a lit button results in an
unlit button. Also, pushing a button twice leaves the game board in the exact same state as before
the button was pushed. So 2(1) = 0 which follows anyway, from the definition of addition. Any even
multiple of 1 in this subspace equals 0. Pushing a button any odd number of times gives the same effect
as pushing the button once. Any odd multiple of 1 in this subspace equals 1. This means that no button
must ever be pushed more than once for the game to be solved!
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2.2. The Matrix R

Adding a combination of the 25 x 1 vectors d; to get the effect of pushing that combination of buttons
could give a really long equation. Here is another way to do the same thing. If all the vectors @ are put
into a matrix R, we have:

R = [(11 a9 R (125]
This 25 x 25 matrix encapsules all the rules of the game. The vectors @ that make up the columns of R Introduction
form the following Playing with Linear. ..
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with
1 1.0 00
1M1 1% () 1
NS S
0 01 1 1
0 0 0 1 1

and I and O being the 5 x 5 identity and zero matrices. Let a vector p’ made up of 0’s and 1’s be called
the press vector (the 1’s represent the buttons that are pressed). Multiplying this by the matrix R gives
the vector Rp, the effect of p. Let the vector § represent the initial state of the game board. Then
Rp'+ §'is the state of the board after pressing the buttons chosen in p. So the goal of the game is, given
an initial state § to find p’ so that

Rj+5=0

2.3. Finding the solution to Rj+ §=0

Because of the special operations of addition for the set, for any vector § in the set, §4 § = 0. Thus,

Rp=5§




So solving for a given state § is the same as reaching that state from a totally unlit game board. Some
of the properties of matrix R can give some insights in to the solution of this problem. The last two
properties were found from performing Gausssian elimination on the matrix.

e R is a symmetric, 25 X 25 matrix.

e C(R), the range of R has dimension 23. The last 2 columns of R are the “free” columns. So all
solutions can be written as linear combinations of the first 23 rows.

e Then the nullspace of R, corresponding to the kernel of R, has dimension 2. A basis for this
nullspace can be found through the last 2 columns of R in it’s reduced-row echelon form.

2.4. The Question

Is there a solution for every possible initial state §in Rp'= 57 For there to be a solution, § must be in
column space of R. Thus there are some initial states § for which there is no solution to Rp'= 5. (The
column space of R is not all of (Z3)?°.) A criterion for the existence of a solution can be found through
the nullspace of R. A basis for the nullspace of R is:

o\ O\l N1/
NN 2T
B=1 101 10 00 0 0
1| Lo\iwP—r—n—T /1
0 1 1101 010 1)

For an initial state § to be solvable, it must be orthogonal to these basis vectors for the nullspace of
matrix R! Also, when it is solvable, there are 4 different solutions possible.

2.5. Four Different Solutions

Putting R and (a solvable!) §into an augmented matrix [RS] and then performing Gaussian elimination
to reach the reduced row echelon form, gives the particular solution, the 26 column of the reduced
matrix. The complete solution is the particular solution plus any linear combination of the nullspace
vectors. There are only three non-trivial combinations of the basis vectors for the nullspace in this set
in (Z)% = {0,1}*°. Calling the two basis vectors for N(R) by and by, the 4 solutions to

Ri+5=0
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are:

—

Pparticular
Pparticular + bl

—

Pparticular + b2
Pparticular + bl + b2

3. One Example of Solving Lights Out

Starting State:

11 12 (13|14 15
16 |17 18 | 19 20
21 |22 23 24 25

Solve Rp'= § with

7 oml i, \\
0 1 0 1 1
VS NONGASY I
1 01 0 1
W ==

3.1. The Solution

With the augmented matrix [R3] we do Gauss-Jordan elimination to reach reduced-row echelon. The
last column is the particular solution, which for this case is:

© 100 0
0000 1
p=0 00 0 0
0100 0
010 0 1)
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Rp = § and also Rp = by = §,Rp + by = §, and Rp' + by + by = § P’ shows that if buttons 2, 10, 17, 22,
and 25 are pressed, all the lights will go out! The other three solutions are:

0011 0
1010 0
Frbi=1 1 0 1 1
1 110 1
001 1 1)

pushing buttons 3, 4, 6, 8, 11, 12, 14, 15, 16, 17, 18, 20, 23, 24,and 25

A Discovery

(1 1.1 0 1

. 1. 010 0

p+bo=0 0 0 0 O

1 1 1 0 1

1 1.1 0 0

pushing buttons 1, 2, 3, 5, 6, 8, 16, 17, 18, 20, 21, 22, and 23

(1 00 1 1
LN 0 0 0 0 1
by +be=1 1 0 1 1
0 1 0 0 O
1 0 0 1 0)

pushing buttons 1, 4, 5, 10, 11, 12, 14, 15, 17, 21, and 24.

4. A Discovery

It would be nice to find a simpler way to solve this problem without having to mess around with these
rather large vectors and matrices. Let’s write the problem as follows:

D1 S1
P2 55
Rlp3|=|s3
Di S4
D5 55




where p'and § have been broken up into 5 x 1 subvectors. Rp'= § can be manipulated to the equivalent

equation:
Jp=(R+J)p+§

for any matrix J.

4.1. Linear Dependence

Using
O I O O O
O o0 I O O A Discovery
J=10 O O I O
O O O O I
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The equation becomes:
D2 A O O O O p1 S1
D3 I A O O O D5 S5
ppl=10 I A O O p3 |+ | s
D5 O O I A O P4 S4
0 O 0 0 I A \p s

Each p; is a combination of the subvectors p; and s; with k < 4.
P2 = Api + 5
p3 =pi + Aps + 83
Pa=p2+ Aps + 53
P5 = p3 + Api + i

—

Each p3...p5 can therefore be expressed as a combination of only pj and §.

B, B, O 0O 0O o0\ (»
p_’ B2 Bl Bo O O 0] sj
pll = B3 BQ B1 BO 0 O s_%
e By By B, By By, O] |
0 Bs B, Bs By, B, By) \*




with By = I,B; = A, and B,,42 = AB, 11 + B,,. Taking the last row of this matrix,

Bspi = Bysi + B3sj + Bas3 + B1si + Boss

a new way to solve the equation using vectors and matrices in (Zy)® instead of (Z2)?° is seen.

4.2. Solving the new equation Introduction
Bsp_i e B4S_i /8 B?,S_é + BQS_:;, + Blsz + Bos_é Playing with Linear. ..
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e Calculate the right-hand side of the equation, which depends only on §. A Dizaavasy
Conclusion

e Find pi so that Bspi equals the right-hand side.

e Lastly, calculate p3...p5 directly from pj and s with the four first rows of the matrix.

5. Conclusion

Using Linear Algebra to solve this game is just one of the many ways Linear Algebra finds a place in
everyday life. This application is not very complicated or technical, utilizing mainly just the very basics
of Linear algebra, with just a slightly different subspace than usual. But it shows how versatile Linear
Algebra is. And Linear Algebra can be fun!
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