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Mrkq Edswlvwh Irxulhu zdv d Iuhqfk pdwkhpdwlfdo sk|vlflvw zkr zdv lqwhuhvwhg
lq wkh ðrz ri khdw wkurxjk remhfwv1 Khdw wudyhov lq zdyhv/ zklfk duh shulrglf
ixqfwlrqv/ dqg Irxulhu pdgh d surirxqg revhuydwlrq1 Kh revhuyhg wkdw dq|
frpsolfdwhg zdyh fdq eh pdgh xs ri wkh vxpv ri vlpsohu zdyhv1 Wklv lqwhooljhqw
lqvljkw kdv uhyfroxwlrqhg prghuq vflhqwlñf gdwd dqdo|vlv dqg qrz doorzv hdvlhu
dqg txlfnhu xqghuvwdqglqj ri dq| shulrglf ixqfwlrq1

�ë� N?_iht|@?_ð?} |üi 6Lýhðih 5ihðit

Wr xqghuvwdqg wkh Irxulhu vhulhv |rx zloo qhhg wr uhfdoo vrph wuljrqrphwu|1 Wkh
jhqhudo irup ri d vlqh ru frvlqh htxdwlrq iroorzv=

d frv$w

e vlq$w

zkhuh d/e duh wkh dpsolxghv/ $ lv wkh dqjxodu yhorflw|/ zklfk lv ghñqhg wr eh
5ä ú i / i lv 4

W / dqg W lv wkh shulrg zlwk wkhvh htxdwrqv/ zh fdq xqghuvwdqg
hyhu| sduw ri wkh zdyh1 Li zh dgg xs d frpelqdwlrq ri vlqh zdyhv zlwk glòhuhqw
dpsolwxghv dqg iuhtxhqflhv/ wkhq zh zrxog kdyh d frpsolfdwhg zdyh
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zkhuh wkh eoxh zdyh lv vlqw> wkh juhhq zdyh lv 5vlq5w/ wkh uhg zdyh lv 6vlq6w/
dqg wkh pdjhqwd zdyh lv vlqw.5vlq5w.6vlq6w1Zh frxog dovr dgg frvlqh zdyhv
wrjhwkhu ru dgg vlqh dqg frvlqh zdyhv wrjhwkhu / zklfk lv wkh edvlv iru wkh irxulhu
vhulhv
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zklfk fdq eh zulwwhq lq vkruwhu vxppdwlrq irup
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zkhuh d3> dn> en duh nqrzq dv wkh irxulhu frhïflhqwv1
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41414 Ruwkrjrqdolw|

Wr xqghuvwdqg krz wr ghulyh wkh irxulhu frhïflhqwv zh zloo qhhg wr uhfdoo vrph
olqhdu dojheud1 Uhfdoo wkdw d edvlv lv ghñqhg wr eh wkh vhw ri olqhduo| lqghshq0
ghqw yhfwruv zklfk vsdq d vxevsdfh ri U1 D yhfwru vsdfh lv ghñqhg wr eh d
qrqhpsw| vhw Y ri yhfwruv/ rq zklfk duh ghñqhg wzr rshudwlrqv/dgglwlrq dqg
vfdodu pxowlsolfdwlrq/ vxemhfw wr wkh whq d{lrpv olvwhg ehorz1

41 Wkh vxp ri x dqg y/ ghqrwhg e| x. y/ lv lq Y

51 x. y @ y . x

61 +x. y, .z @ x. +y .z,

71 Wkhuh lv d }hur yhfwru 3 lq Y vxfk wkdw x. 3 @ x

81 Iru hdfk x lq Y / wkhuh lv d yhfwru ýx lq Y vxfk wkdw x. +ýx, @ 3
91 Wkh vfdodu pxowlsoh ri x e| f/ ghqrwhg e| fx/ lv lq Y

:1 f+x. y, @ fx. fy

;1 +f. g,x @ fx. gx

<1 f+gx, @ +fg,x

431 4x @ x

Dq lqqhu surgxfw rq Y zrxog eh=

ki> jl @
] W

3

i+w,j+w,gw

zklfk kdv wkh iroorzlqj surshuwlhv

41 x ü y @ y ü x
51 +x. y, üz @ x ü z . y üz
61 +fx, ü y @ f+x ü y, @ x ü +fy,
71 x ü x è 3> dqg x ü x @ 3 li dqg rqow li x @ 3
Vr ohw Y eh d yhfwru vsdfh vxfk wkdw=

Y @ ii = U$ U = i kdv shulrg Wj
D edvlv iru Y zrxog eh=

ñ @

+
4> frv+5äwW ,> frv+

5+5,äw
W ,> frv+ 5+6,äwW ,> ===> frv+5näwW ,> ===

> vlq+5äwW ,> vlq+
5+5,äw
W ,> vlq+5+6,wW ,> ===> vlq+ 5näwW ,> ===

,
zklfk lv dq lqñqlwh glphqvlrqdo edvlv/ xqolnh wkh vpdoo dqg ñqlwh edvlv wkdw zh
hqfrxqwhuhg lq rxu olqhdu dojheud fodvv1 Lw lv dovr lpsruwdqw wr qrwh wkdw wklv
lv dovr dq ruwkrjdrqdo edvlv iru doprvw dq| hqwu| frqwdlqhg zlwklq1
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Ilqglqj wkh Irxulhu frhïflhqwv Wr ghyhors wkh irupxodv iru wkh irxulhu
frhïflhqwv zh qhhg wr ñuvw orrn dw vrph lqqhu surgxfw vsdfhv1
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zkhuh wkh rqo| qrq0ruwkrjrqdo surgxfwv duh lqwhjhu pxowlsohv ri wkh vdph iuh0
txhqflhv1 Iroorzlqj wkh vdph whfkqltxh |rx fdq vhh wkdw
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Qrz zh kdyh irupxodv iru wkh irxulhu vhulhv/ dqg doo wkh irxulhu frhïflhqwv dqg
lw lv wlph iru d ghprqvwudwlrq1

H{dpsoh 4 Ohw*v vd| zh kdyh dq hohfwulfdo fxuuhqw wkdw lv ehlqj vzlw|fkhg rq
dqg rò1 Lw fdq eh ghvfulehg e| wkh ixqfwlrq

i+w, @

;AA?AA=
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3 li ýä é w ? 3
4 li 3 é w ? ä
3 li ä é w ? 5ä

-6 -4 -2 0 2 4 6
-1

-0.5

0

0.5

1

1.5

2

Time

A
m

pl
itu

de

ohwv xvh rqo| rqh whuwp lq rxu dssur{lpdwlrq dqg vhh krz lw zrunv
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Vlqfh wklv lv dq rgg ixqfwlrq/ zh zloo qrw eh xvlqj dq| ri wkh hyhq kduprq0
lfv+whupv lq wkh irxulhu vhulhv,vlqfh wkh| zloo doo htxdo }hur1 Qrz ohwv orrn dw
dq dssur{lpdwlrqq wkdw jrhv wr wkh qlqwk kduprqlf1
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Dv |rx fdq vhh/ hdfk vxffhvlyh dssur{lpdwlrq frphv forvhu dqg forvhu wr
dssur{lpdwlqj wkh vtxduh zdyh ixqfwlrq1 Li doorzhg wr kdyh dq lqñqlwh qxpehu
ri kduprqlfv/ wkh irxulhu h{sdqvlrq zrxog eh dq h{fhoohqw joredo dssur{lpdwlrq
ri wkh frpsolfdwhg ixqfwlrq h{fhsw iru wkh yhu| hgjhv ri wkh vtxduh zdyh1 Wklv
hòhfw lv nqrzq dv wkh Jlee*v skhqrphqd/ dqg zrxog eh voljkwo| rò dw wkh hqgv
ri wkh slhfhzlvh ghñqhg vtxduh zdyh ixqfwlrq1

�ë2 6Lýhðih Ah@?tuLh4

Wkh Irxulhu vhulhv dqg wkh Irxulhu lqwhjudo duh vhsdudwh dqg glvwlqfw |hw d vxewoh
uhodwlrqvkls h{lvwv ehwzhhq wkh wzr1 D Irxulhu vhulhv fdq h{lvw li lw phhwv vhyhudo
frqglwlrqv/ Wkh ñuvw ri wkhvh lv wkdw wkh zdyhirup pxvw eh shulrglf1 Shulrglf
whfkqlfdoo| phdqv wkdw wkh zdyhirup vwduwv dw plqxv lqñqlw| dqg uhshdwv lwvhoi
wr srvlwlyh lqñqlw|1 Exw iru rxu fdvh shulrglflw| zloo eh ghñqhg iru wkh ñqlwh wlph
lqwhuydo1 Dovr wkuhh rwkhu frqglwlrqv duh uhtxluhg wkhvh duh frpprqo| uhihuuhg
wr dv Glulfkohw*v frqglwlrqv1

î Wkh qxpehu ri glvfrqwlqxlw| lq wkh prghohg zdyhirup pxvw eh ñqlwh ryhu
wkh revhuyhg shulrg1

;



î Wkh zdyh irup pd| dovr rqo| kdyh d ñqlwh qxpehu ri pd{ dqg plqlpd
gxulqj wkdw shulrg ri revhuydwlrq1

î Wkh ixqfwlrq fdoo lw i +w, kdv wr eh frpsohwho| lqwhjudwdeoh iru doo w1

] W

3

dev^{+w,`gw4

Li doo wkhvh uhtxluhphqwv duh vdwlvñhg wkhq wkh zdyhirup {+w, fdq eh dssur{0
lpdwhg zlwk wkh Irxulhu vhulhv1

{+w, @ d3 .
4[
u@4

+dq frvq'3w. eq vlqq'3w,

Ri frxuvh lw lv lpsrvvleoh wr pdnh dq lqñqlwh ghjuhh vhulhv1 Vr wuxqfdwlqj d
vhulhv wr jhw d jrrg dssur{lpdwlrq lv lwv prvw sudfwlfdo xvdjh1 Huuru lv dovr lq0
foxghg zlwk prgholqj glvfrqwlqxrxv ixqfwlrqv1 Wklv huuru lv frpprqo| uhihuuhg
wr dv wkh Jlee*v hòhfw dqg zloo qhyhu glvdsshdu hyhq zlwk dq lqñqlw| Irxulhu
vhulhv1
Irxulhu dqdo|vlv lv wkh suhoxgh iru vshfwudo dqdo|vlv1 Lq fkhplvwu|/ fkhplfdo

hohphqwv duh riwhq glvwlqjxlvkhg iurp rqh dqrwkhu e| wkhlu olqh vshfwuxp/ wkh
vxq dqg vwduv duh hdfk fkdudfwhul}deoh e| wkh oljkw hdfk jlyhv rò1 Olnhzlvh
glòhuhqw zdyhirupv kdyh glòhuhqw vshfwud/frpsrqhqwv ri dpsolwxgh/ iuhtxhqf|/
dqg skdvh/ wkdw duh xqolnh dq| rwkhu zdyhirup*v vshfwud1
Dq| qdwxudo rffloodwlqj shulrglf ixqfwlrq lq qdwxuh lv glvwlqjxlvkdeoh e| lwv

rzq sduwlfxodu iuhtxhqf| vshfwuxp dqg fdq eh dqdo|lvlvhg zlwk Irxulhu vhulhv
dqdo|vlv1 Exw qrw doo zdyhirupv lq qdwxuh duh shulrglf vrph duh ri lqñqlwh shulrg1
D zdyhirup wkdw grhv qrw uhshdw lwvhoi ryhu lv frqvlghuhg wr kdyh lqñqlwh shulrg1
Vxfk zdyhirupv uhtxluh wkh Irxulhu lqwhjudo iru dqdo|vlv1
Wkh Irxulhu lqwhjudo fdq eh ghulyhg iurp wkh Irxulhu vhulhv lq irxu lpsruwdqw

vwhsv1

41 Wkh vhulhv lv zulwwhq lq lwv h{srqhqwldo irup xvlqj wkh h{srqhqwldo lghqwlwlhv
iru frvlqh dqg vlqh1
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vlq 5äqi3w @

ë
hm5äqi3w ý hým5äqi3w

5m

ê
zkhuh h lv wkh edvh ri wkh qdwxudo orjdulwkp dqg m lv wkh lpdjlqdu| xqlw ri
wkh frpsoh{ qxpehu v|vwhp1
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51 Wkh h{srqhqwldo irup ri wkh Irxulhu vhulhv lv pruh frpsdfw1

{ +w, @
4[

q@ý4
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m5äqi3w

zkhuh fq lv hydoxdwhg iru q @ ý4> ===>ý5>ý4> 3> 4> 5> ===>4 e|

fq @
4

W

] W
5

ýW
5

{ +w, hým5äqi3wgw

Iru hdfk q/ fq lv hydoxdwhg wr jlyh wkh pdjqlwxgh dqg skdvh ri wkh kdu0
prqlf frpsrqhqw ri { +w, kdylqj iuhtxhqf| qi31

61 Vlqfh üi @ 4
W > wkh vhulhv fdq eh sxw lqwr d irup wkdw doorzv lqvshfwlrq ri

wkh olplw dv W jrhv wr lqñqlw|1

{ +w, @
olp

üi $ 3

4[
q@ý4

[ +qi3, h
m5äqi3wüi

71 Dv üi jrhv wr }hur wkh surshuwlhv ri wkh vxppdwlrq dssurdfk wkrvh ri dq
lqwhjudo1

{ +w, @

] 4

ý4
[ +i, hm5äiwgi

Wklv odvw lqwhjudo lv wkh Irxulhu wudqvirup1 Wkh Irxulhu wudqvirup kdv dw ohdvw
qlqh lpsruwdqw surshuwlhv dvvrfldwhg zlwk lwv lpsruwdqfh1

41 Wkh Irxulhu wudqvirup lv lqyhuwleoh1

[ +i, @

] 4

ý4
{ +w, hým5äiwgw

51 Hyhqixqfwlrqv wudqvirup wr uhdo sduwv rqo|1

61 Rgg ixqfwlrqv wudqvirup wr lpdjlqdu| sduwv rqo|1

71 Duelwudu| ixqfwlrqv duh wkh vxp ri hyhq dqg rgg sduwv1

81 Wkh olqhdulw| surshuw| lv vdwlvñhg1

{+w, . |+w, wudqvirup wr [+i, . \ +i,

91 Wlph vfdolqj dòhfwv iuhtxhqf| dqg dpsolwxgh vfdolqj1

:1 Iuhtxhqf| vfdolqj dòhfwv wlph dqg dpsolwxgh vfdolqj1
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;1 Wlph vkliwlqj dòhfwv skdvh rqo|1

<1 Iuhtxhqf| vkliwlqj fdxvhv wlph grpdlq prgxodwlrq1

Li d zdyhirup fdq eh pdwkhpdwlfdoo| ghvfulehg wkhq wkh Irxulhu wudqvirup
fdq eh xvhg/ krzhyhu wkh dffrpsdq|lqj pdwkhpdwlfv fdq eh uhdoo| vwhhs1 Pdq|
frpprq zdyhirupv fdq eh irxqg lq suh0h{lvwlqj wdeohv dqg fkduwv1 Krzhyhu
ñqglqj d pdwfk wkhlu iru d qdwxudoo| rffxuulqj zdyh lv uduh1 Vr wklv lv zkhuh
zdyhirup gljlwl}lqj dqg gljlwdo vljqdo surfhvvlqj frphv lq1 Wkh glvfuhwh Irxulhu
wudqvirup +GIW, dqg wkh idvw Irxulhu wudqvirup +IIW,1 Wkh IIW lv vlpso| dq
hïflhqw dojrulwkp iru frpsxwlqj wkh GIW1
Wkh GIW kdv d irupxod1

[g +nüi, @ üw
Qý4[
q@3

{ +qüw, hým5änüiqüw

Wklv h{suhvvlrq doorzv |rx wr wudqvirup d wlph vhulhv ri vdpsohv/ vxfk dv d
wdeoh ri gdwd srlqwv/ wr d vhulhv ri iuhtxhqf|0grpdlq vdpsohv1 Vlploduo| olnh wkh
Irxulhu lqwhjudo wkh GIW dovr kdv dq lqyhuvh1

Q @ qxpehu ri vdpsohv ehlqj frqvlghuhg

üw @ wkh vdpsolqj lqwhuydo/ iurp wklv Qüw jlyhv wkh wlph uhfrug ohqjwk

üi @ wkh vdpsoh lqwhuydo lq wkh iuhtxhqf| grpdlq dqg @
4

Qüw
q @ wkh wlph vdpsoh lqgh{ zkhuh q @ 3> 4> 5> ===>Q ý 4
n @ wkh lqgh{ vhw iru glvfuhwh iuhtxhqf| frpsrqhqwv n @ 3> 4> 5> ===> Q ý 4

{ +qüw, @ wkh glvfuhwh vhw ri wlph vdpsohv ghñqhv wkh zdyhirup wr eh wudqviruphg

[+nüi, @ wkh vhw ri irxulhu frhïflhqwv rewdlqhg e| wkh GIW ri { +qüw,

h @ wkh edvh ri wkh qdwxudo orjdulwkp

m @ wkh v|pero ri frpsoh{ qrwdwlrq/ m @
sý4
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i+w, @ frv+533äw, . frv+733äw, dqg edfnjurxqg qrlvh

Wklv judsk frqvlvwv ri d vljqdo wkdw lv exulhg lq qrlvh1 Lw lv glïfxow wr lqglfdwh
dq| xqghuo|lqj iuhtxhqf| mxvw e| wklv judsk1 Wkh GIW fdq wudqvirup wkh wlph
grpdlq vljqdo wr wkh iuhtxhqf| grpdlq1
Pdwode kdv d srzhuixo IIW dojrulwkp exlow lq1
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Wklv odvw judsk zdv surgxfhg e| xvlqj pdwodev IIW frppdqg dqg vdpsolqj
845 srlqwv ri wkh ruljlqdo vljqdo1
Lq frqfoxvlrq/ wkh IIW kdv pdq| dssolfdwlrqv lq pdq| ñhogv ri glvflsolqh/

vxfk dv fkhplfdo hqjlqhhulqj/ hohfwulfdo hqjlqhhulqj/ dqg pdq| rwkhu duhdv ri
vwxg|1 Sudfwlfdoo| dq|wklqj wkdw rfflodwhv/ vkdnhv/ udwwohv ru uroov zlwk uhvshfw
wr wlph fdq eh dqdol}hg zlwk Irxulhu whfkqltxhv1

�ëô +iuihi?Uit

î Hohphqwdu| Glòhuhqwldo Htxdwlrqv Dqg Erxqgdu| Ydoxh Sureohpv e|Zlooldp
H1 Er|fh dqg Ulfkdug F1 GlSulpd

î Hohfwulf Flufxlwv e| Mdphv Z1 Qlovvrq dqg Vxvdq D1 Ulhgho
î Wkh IIW Ixqgdphqwdov dqg Frqfhswv e| Urehuw Z1 Udpluh}
î Zkr lv Irxulhu e| lqwhuqdwlrqdo froohjh ri odqjxdjh
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