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Prvw ri rxu hfrqrp| lq wkh Qruwk Frdvw lv gluhfwo| ru lqgluhfwo| uhodwhg wr
wkh wlpehu lqgxvwu|1 Pdq| ri xv wdnh dq lqwhuhvw lq wklv exvlqhvv dv lw lpsdfwv
rxu olyholkrrgv1 Zh kdyh vhhq glòhuhqw w|shv ri iruhvw kduyhvwlqj dqg wkhuh kdv
ehhq frqfhuq ryhu vrph ri wkrvh kduyhvwlqj srolflhv1 Wklv prgho e| Krzdug
Dqwrq dqg Fkulv Uruuhv zdv hvshfldoo| dsshdolqj wr xv dv lw suhvhqwv d yhu| edvlf
prgho iru vxvwdlqdeoh kduyhvwlqj ri iruhvwv xvlqj vrph hohphqwdu| frqfhswv ri
olqhdu dojheud1
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Wkh xowlpdwh remhfwlyh lq wklv prgho lv wr duulyh dw wkh pd{lpxp dprxqw
ri prqh| d iruhvw lv deoh wr |lhog zkloh uhwdlqlqj lwv lqlwldo frqñjxudwlrq1 Wklv
lv fdoohg wkh rswlpdo vxvwdlqdeoh |lhog1 Wr duulyh dw wkh rswlpdo vxvwdlqdeoh
|lhog wkhuh lv d frqglwlrq wkdw pxvw eh vdwlvñhg1 Wklv frqglwlrq pdwkhpdwl0
fdoo| lqvxuhv wkdw wkh iruhvw zloo uhsodfh hyhu| wuhh kduyhvwhg zlwk d qhz wuhh1
Wklv frqglwlrq dovr dffrxqwv iru wkh jurzwk idfwruv ri hdfk khljkw fodvv1 Wklv
frqglwlrq wdnhv wkh lqlwldo qxpehu ri wuhhv/ wkh jurzwk idfwru/ wkh qxpehu ri
wuhhv kduyhvwhg/ dqg wkh qxpehu ri wuhhv uhsodqwhg iruhvw/ dssolhv olqhdu dojheud
dqg uhwxuqv wkh iruhvw wr lwv h{dfw frqñjxudwlrq1 Wklv phdqv wkdw wkh wrwdo
qxpehu ri wuhhv zloo dozd|v eh wkh vdph/ dv zhoo dv/ wkh wrwdo qxpehu ri wuhhv
lq hdfk khljkw fodvv zloo dozd|v uhpdlq wkh vdph1 Wklv frqglwlrq lv fdoohg wkh
vxvwdlqdeoh kduyhvwlqj frqglwlrq dqg lv ñjxuhg xvlqj wkh wrrov ri olqhdu dojheud1

Diwhu dqdo|}lqj wklv prgho zh uhdol}hg wkdw wkh olnholkrrg ri wklv prgho
ehlqj dssolhg wr dq h{lvwlqj iruhvw zdv uhprwh1 Wkh uhvwulfwlrqv iru wklv prgho
wkdw pdnh wkh vxvwdlqdeoh kduyhvwlqj frqglwlrq ihdvleoh vhhp wr uhtxluh d iruhvw
zlwk d sduwlfxodu lqlwldo frqñjxudwlrq/ rqh wkdw pd| qhhg wr eh suhsodqqhg/ d
wuhh idup iru h{dpsoh1 Zh frqvxowhg zlwk Urvv Wrpolq ri Wkh Froohjh ri wkh
Uhgzrrgv Iruhvwu| Ghsduwphqw1 Diwhu d frxsoh ri ylvlwv zh doo ghflghg wkdw
wklv prgho/ dv lv/ frxog srvvleo| eh xvhg iru wuhh idupv/ prvw olnho| Fkulvwpdv
wuhh idupv1 Wkh olplwdwlrqv dqg ryhu vlpsolñfdwlrq ri wkh prgho uhvwulfwv lw iurp
ehlqj xvhg lq d qdwxudoo| rffxuulqj iruhvw1 Ehfdxvh wklv lv dq ryhu vlpsolñhg
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prgho zh uhdol}h wkdw pdq| pruh frpsoh{ idfwruv zrxog hyhqwxdoo| eh zrunhg lq
wkdw zrxog oliw wkh uhvwulfwlrqv dqg dffrxqw iru d yduldqfh iurp iruhvw wr iruhvw1
Zlwk wklv lq plqg zh uhdol}h wkdw xqghuvwdqglqj wklv prgho jlyhv xv d edvlv iru
frpsuhkhqglqj d pxfk pruh frpsoh{ prgho ri iruhvwu| pdqdjhphqw1

�ë2 úttý4T|ðL?t @?_ +it|hðU|ðL?t Lu Aüðt �L_i*

41 Wkh wrwdo qxpehu ri wuhhv lq wkh iruhvw zloo dozd|v eh wkh vdph1 Wkh
wrwdo qxpehu ri wuhhv lq hdfk khljkw fodvv zloo dovr uhpdlq wkh vdph1 Wkh
iruhvw zloo xqghujr d f|folf sdwwhuq ri jurzwk/ kduyhvw/ dqg uhsodqwlqj1
Hdfk wlph wklv surfhvv lv frpsohwhg wkh iruhvw lv uhwxuqhg wr lwv ruljlqdo
frqñjxudwlrq1 Wkh iruhvw zloo eh glylghg lqwr glòhuhqw khljkw fodvvhv1
Hdfk khljkw fodvv zloo fruuhvsrqg wr d uhvshfwlyh hqwu| lq hdfk yhfwru1

51 Wklv prgho grhv qrw wdnh lqwr dffrxqw wuhhv wkdw glh1

61 D wuhh fdq pryh dw prvw xs rqh khljkw fodvv1

71 Wkh khljkw ri hdfk wuhh zloo ghwhuplqh wkh hfrqrplf ydoxh zkhq wkh wuhhv
duh fxw grzq dqg vrog1
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41614 Wkh Qrqkduyhvw Yhfwru

Ohw wkh yhfwru { uhsuhvhqw wkh qxpehu ri wuhhv lq hdfk fodvv1 Hdfk hqwu| lq {
uhsuhvhqwv wkh qxpehu ri wuhhv lq hdfk khljkw fodvv1 Zh zloo uhihu wr { dv wkh
qrqkduyhvw yhfwru1

{ @
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{4
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111
{q

6:::8
Iru d vxvwdlqdeoh kduyhvwlqj srolf|/ wkh iruhvw pxvw eh uhwxuqhg wr wkh ñ{hg

frqñjxudwlrq jlyhq e| wkh qrqkduyhvw yhfwru {1

41615 Wkh Kduyhvw Yhfwru

Ohw wkh yhfwru | eh wkh wrwdo qxpehu ri wuhhv fxw iurp wkh iruhvw1 Hdfk hqwu|

lq | uhsuhvhqwv wkh qxpehu ri wuhhv kduyhvwhg iurp hdfk khljkw fodvv1 Zh zloo
uhihu wr | dv wkh kduyhvw yhfwru1
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Lq wklv prgho wuhhv fdq rqo| gr wzr wklqjv=

î ~ jurz lqwr wkh qh{w khljkw fodvv

~ uhpdlq lq wkh vdph khljkw fodvv

Wkh shufhqwdjhv ri jurzwk ri hdfk fodvv zloo eh sodfhg lq d pdwul{/ dssur0
suldwho| fdoohg Wkh Jurzwk Pdwul{1

41 Ohw jl eh wkh iudfwlrq ri wuhhv lq wkh lwk fodvv wkdw jurz lqwr wkh qh{w fodvv1

î Wklv shufhqwdjh zloo eh sodfhg rq wkh ý4 gldjrqdo ri wkh pdwul{

51 Wkhuhiruh/ 4ýjl uhsuhvhqwv wkh iudfwlrq ri wuhhv lq wkh lwk fodvv wkdw uhpdlq
lq wkh lwk fodvv1

î Wklv shufhqwdjh zloo eh sodfhg rq wkh pdlq gldjrqdo1

Wkh Jurzwk Pdwul{ lv frpsulvhg ri rqo| wkrvh ydoxhv/ j/ dqg j ý 41 Pxowl0
so|lqj wkh qxphulfdo ydoxhv ri wkh jurzwk pdwul{ zlwk wkh yhfwru { zloo jlyh xv
wkh qxpehu ri wuhhv lq hdfk khljkw fodvv diwhu d jurzwk shulrg1 Wklv ydoxh J{
zloo odwhu ghwhuplqh wkh qxpehu ri wuhhv wr eh kduyhvwhg iurp hdfk khljkw fodvv1

41714 Jurzwk Pdwul{
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41715 Uhsodfhphqw Pdwul{

Ehfdxvh wkh iruhvw zloo eh uhsodqwhg zlwk wkh vdph qxpehu ri wuhhv wkdw zhuh
kduyhvwhg/ wkh kduyhvw yhfwru dovr whoov xv krz pdq| qhz vhhgolqjv zloo qhhg wr eh
sodqwhg1 Wr nhhs wkh kduyhvwlqj dqg uhsodfhphqw ydoxhv glvwlqfw/ d uhsodfhphqw
pdwul{ lv iruphg1 Wkh yhfwru | uhsuhvhqwv wkh qxpehu ri wuhhv wr eh kduyhvwhg/
dqg U| uhsuhvhqwv wkh qxpehu ri vhhgolqjv wr eh sodqwhg diwhu wkh kduyhvw1
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Lq zrugv/

57 frqñjxudwlrq
dw hqg ri

jurzwk shulrg

68ý é wuhhv
kduyhvwhg

è
.

é
qhz vhhgolqj
uhsodfhphqwv

è
@

57 frqñjxudwlrq
dw ehjlqqlqj ri
jurzwk shulrg

68

Ru pdwkhpdwlfdoo|/

J{ ý | . U| @ {

Uhjurxslqj wkh yduldeohv=

J{ ý { @ | ý U|

Idfwrulqj rxw wkh yhfwruv dqg xvlqj wkh Lghqwlw| Pdwul{=
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Pxowlso|lqj hdfk vlgh ri wkh htxdwlrq rxw dqg vhwwlqj wkh whupv htxdo wr hdfk

rwkhu=

|4 @ 3

|5 . |6 . ü ü ü. |8 @ j4{4

|5 @ j4{4 ý j5{5
|6 @ j5{5 ý j6{6

111

|qý4 @ jqý5{qý5 ý jqý4{qý4
|q @ jqý4{qý4
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Wkh ñuvw ydoxh iru wkh ñuvw khljkw fodvv ri wkh kduyhvw yhfwru +|4, zloo dozd|v
eh htxdo wr }hur/ iru/ ri frxuvh/ qrqh ri wkh vhhgolqjv zloo eh kduyhvwhg1 Wklv
rxwfrph vd|v wkdw =

î Wkh wrwdo qxpehu ri wuhhv kduyhvwhg htxdov wkh qxpehu ri wuhhv wkdw juhz
iurp wkh ñuvw khljkw fodvv wr wkh vhfrqg khljkw fodvv1

î Wkh qxpehu ri wuhhv wr eh kduyhvwhg lq hdfk lqglylgxdo khljkw fodvv zloo
htxdo wkh qxpehu ri wuhhv wkdw juhz lqwr d sduwlfxodu khljkw fodvv plqxv
wkh qxpehu ri wuhhv wkdw juhz rxw ri wkdw vdph khljkw fodvv1 Wklv lv krz
wkh uhvshfwlyh khljkw fodvvhv uhwdlq wkhlu lqlwldo frqñjxudwlrq1

Lq rughu iru hdfk ydoxh ri | wr eh srvlwlyh/ iru wkhuh fdq eh qr qhjdwlyh
qxpehu ri wuhhv kduyhvwhg/ wkh shufhqwdjh ri jurzwk ri hdfk orzhu khljkw fodvv
plqxv wkh qh{w odujhu khljkw fodvv pxvw eh srvlwlyh1 Lq rwkhu zrugv/ wkh qxpehu
ri hdfk wuhhv diwhu d jurzwk shulrg lq d uhvshfwlyh khljkw fodvv pxvw eh kljkhu
wkdq wkh qxpehu ri wuhhv wkdw juhz lqwr wkh qh{w khljkw fodvv1 Wkhuhiruh=

j4{4 è j5{5 è ü ü ü è jqý4{qý4 è 3
Wklv frqglwlrq/ ixqgdphqwdo wr wkh vxvwdlqdeoh |lhog frqglwlrq/ lv dovr wkh

rqh wkdw uhvwulfwv wkh dssolfdwlrq iurp ehlqj dssolhg wr dq h{lvwlqj iruhvw1

�ëS V@hð@M*it uLh |üi ïT|ð4@* 5ýt|@ð?@M*i vði*_

Ohw v eh wkh wrwdo qxpehu ri wuhhv lq wkh iruhvw1 Wklv ydoxh lv irxqg e| dgglqj
doo wkh ydoxhv lq wkh qrq kduyhvw yhfwru {=

v @ {4 . {5 . ü ü ü. {q
Ohw wkh yhfwru s uhsuhvhqw wkh sulfh lq grooduv sdlg iru d wuhh lq hdfk uhvshf0

wlyh khljkw fodvv1

s @

59997
s4
s5
111
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6:::8
Wr ñqg d wrwdo |lhog lq whupv ri grooduv/ pxowlso| wkh qxpehu ri wuhhv kdu0

yhvwhg iurp hdfk fodvv/ |/ e| wkh sulfh sdlg iru hdfk wuhh lq wkdw fodvv/ s/ dqg
wrwdo wkh vxpv=

\ og @ s5|5 . s6|6 . ü ü ü. sq|q
Ehfdxvh hdfk | l whup fdq eh ghñqhg lq whupv ri jl{lýjl.4{l.4> wkhvh ydoxhv

fdq eh vxevwlwxwhg lq iru hdfk ydoxh lq |=

\ og @ s5+j4{4 ý j5{5, . s6+j5{5 ý j6{6, . ===. sq+jqý4{qý4 ý jq{q,
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Diwhu pxowlso|lqj wklv rxw dqg uhjurxslqj wkh sl ydoxhv=

\ og @ s5j4{4 . +s6 ý s5, j5{5 . ü ü ü. +sq ý sqý4, jqý4{qý4
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Wklv wkhruhp lv ghedwdeoh dqg lv qrw rqh fxuuhqwo| khog e| Urvv Wrpolq lq wkh
iruhvwu| ghsduwphqw/ exw lw lv d frqglwlrq iru wklv sduwlfxodu prgho1

\ ogn @ wkh rqo| fodvv wr eh kduyhvwhg

Qrqh ri wkh rwkhu khljkw fodvvhv zloo eh kduyhvwhg1 Wklv lv vdlg pdwkhpdwl0
fdoo| e|=

|5 @ |6 @ ü ü ü @ |ný4 @ |n.4 @ ü ü ü @ |q @ 3
Ehfdxvh wkh wrwdo qxpehu ri wuhhv kduyhvwhg lv qrz |n/ zh fdq vxevwlwxwh |n

iru |5 . |6 . ü ü ü . |q lq wkh vxvwdlqdeoh |lhog frqglwlrq suhylrxvo| duulyhg dw1
Ehfdxvh qrqh ri wkh rwkhu khljkw fodvvhv zloo kdyh wuhhv kduyhvwhg iurp wkhp/
zh kdyh wr sxw d }hur lq sodfh ri wkh |l ydoxhv1 Wkh vxvwdlqdeoh |lhog frqglwlrq
qrz orrnv olnh wklv=

|n @ j4{4

3 @ j4{4 ý j5{5
3 @ j5{5 ý j6{6

111

3 @ jqý5{qý5 ý jqý4{qý4
|n @ jqý4{qý4

E| dgglqj hdfk qhjdwlyh jl{l whup wr wkh }hur rq wkh rwkhu vlgh ri wkh
htxdwlrq lw iroorzv wkdw=

|n @ j4{4 @ j5{5 @ ü ü ü @ jqý4{qý4
Diwhu vhwwlqj hdfk jl{l ydoxh htxdo wr wkh qh{w/ dqg wkhq vroylqj iru hdfk {l

lw iroorzv wkdw=

{5 @
j4{4
j5

{6 @
j4{4
j6
111

{ný4 @
j4{4
jný4

:



E| wdnlqj wkh ydoxh iru wkh wrwdo qxpehu ri wuhhv lq wkh iruhvw=

v @ {4 . {5 . ü ü ü. {q
dqg vxevwlwxwlqj lq wkh qhz ydoxhv iru wkh hdfk ydoxh ri { zh jhw wkh iroorz0

lqj=

v @ {4 .
j4{4
j5

.
j4{4
j6

. ü ü ü. j4{4
jný4

Idfwru=

v @ {4

ë
4 .

j4
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.
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. ü ü ü. j4

jný4

ê
Vroyh iru {4=

{4 @
v

4 . j4
j5
. j4

j6
. ü ü ü. j4

jný4

Ehfdxvh ri Wkhruhp 4/ rxu wrwdo |lhog lv ghñqhg lq whupv ri sn/ dqg |n lv
qrz ghñqhg dv j4{4>dqg {4 lv qrz uhghñqhg/ lw iroorzv wkdw=

\ ogn @ s5|5 . s6|6 . ü ü ü. sq|q
@ sn|n

@ snj4{4

@
snv

4
j5
. 4

j6
. ü ü ü. 4

jný4
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\ ogn @
snv

4
j5
. 4

j6
. ü ü ü. 4

jný4

iru n @ 5> 6> = = = > q

Uhphpehu wkdw wkh fruuhvsrqglqj ydoxh ri n lv wkh qxpehu ri wkh fodvv wkdw lv
wr eh frpsohwho| kduyhvwhg1 Wr ñqg wkh Rswlpdo Vxvwdlqdeoh \lhog hdfk khljkw
fodvv +\og5> \og6>111>\ogq, pxvw eh vroyhg iru1 Wkh kljkhvw qxpehu uhvxowlqj
iurp wkh wrwdov ri doo wkh khljkw fodvvhv zloo lqglfdwh wkh fodvv wkdw vkrxog eh
frpsohwho| kduyhvwhg

41;14 H{dpsoh

s @

59999997
3
83
433
483
533
583

6::::::8 > j @

59999997
=5;
=64
=58
=56
=6:
3
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\ og5 @
83v

=5;ý4
@ 47=3v

\ og6 @
433v

=5;ý4 . =64ý4
@ 47=:v

\ og7 @
483v

=5;ý4 . =64ý4 . =58ý4
@ 46=<v

\ og8 @
533v

=5;ý4 . =64ý4 . =58ý4 . =56ý4
@ 46=5v

\ og9 @
583v

=5;ý4 . =64ý4 . =58ý4 . =56ý4 . =6:ý4
@ 47=3v

Wklv h{dpsoh vd|v wkdw \og6 vkrxog eh frpsohwho| kduyhvwhg dqg wkdw wkh
|lhog htxdov '471: wlphv wkh wrwdo qxpehu ri wuhhv lq wkh iruhvw1 Wkh wklug fodvv
kdv qhlwkhu wkh prvw dprxqw ri wuhhv ru frppdqgv wkh kljkhvw sulfh1 Dv d
pdwwhu ri idfw/ lw zrxog eh wkh ñiwk fodvv wkdw zrxog eulqj lq wkh prvw dprxqw
ri prqh|1 Zkdw wklv whoov xv lv wkdw wkh wklug fodvv lv wkh fodvv wkdw zloo eulqj
lq wkh prvw dprxqw ri prqh| zkloh nhhslqj wkh h{lvwhqfh ri wkh iruhvw lqwdfw

PdwOde fdq eh hòhfwlyho| xvhg wr ñqg wkh Vxvwdlqdeoh Kduyhvwlqj Frqglwlrq
dqg wkh Rswlpdo Vxvwdlqdeoh \lhog1 Wkh iroorzlqj p0ñohv zhuh zulwwhq e| P1
Dssoh dqg G1 Khoolzhoo1 Wkh iruhvw p0ñoh jdyh vshflñf ydoxhv iru wkh qrqkduyhvw
yhfwru {/ wkh jurzwk pdwul{/ zklfk zh xvhg wr vroyh iru wkh kduyhvw yhfwru |1
Wkh h{dpsoh p0ñoh jdyh vshflñf ydoxhv iru wkh sulfh yhfwru s1 Xvlqj wkh vdph
jurzwk ydoxhv/ dqg wkh sulfh ydoxhv zh dssolhg wkhruhp 5 dqg jrw wkh rswlpdo
vxvwdlqdeoh |lhog1
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