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Abstract. We explore the derivation of the SVD and itsrolein digital image processing. By using
MATLAB, we will demonstrate how the SVD is used to minimize the size needed to store an image.

Introduction

The singular value decomposition isa highlight of linear algebra. It plays an interesting,
fundamental role in many different applications, namely in digital image processing. The
beauty of the SVD within its digital applicationsisthat it provides a robust method of storing
large images as smaller, more manageable square ones. Thisis accomplished by reproducing
the original image with each succeeding nonzero singular value. Furthermore, to reduce
storage size even further, one may approximate a” good enough” image with using even
fewer singular values.

What is the Singular Value Decomposition?
The singular value decomposition of a matrix factorsan m x n matrix A into the form

A = UzVT (1)

where U isan m x m orthogonal matrix; V an n x n orthogona matrix, and £ an m x n matrix
containing the singular values of A

along its main diagonal .
A similar technique, known as the eigenvalue decomposition, diagonalizes matrix A, but
with this case, A must be a square matrix. The EVD diagonalizes A as

A = VDV-! @)

where D isadiagonal matrix comprised of the eigenvalues, and V is a matrix whose columns
contain the corresponding eigenvectors.

Unfortunately, the EVD is not always possible. What do we do then? The answer is
simple: apply the SVD.

How do we know the SVD works?

Let us begin by showing that the SVD of A is aways possible, unlike that of the EVD.
Let A be an m x n matrix. The matrix ATA is symmetric and can be diagonalized. Working
with the symmetric matrix ATA, we know two things to be true:
1. Theeigenvaluesof ATA will be real and nonnegative.
2. The eigenvectors will be orthogonal.

How do we find two orthogonal matrices U and V that diagonalize am x n matrix A?
First, if the intent isto factor A as

A =UzVT

then the following must be true.
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ATA = (UzZVT)T(UZVT)

ATA = vzTUTUZVT

ATA = VzTzVT

ATA = vz2VyT
Note that thisimplies that 2 contains the eigenvalues of ATA and V contains the
corresponding eigenvectors.We now know how to find the V of the singular value

decomposition A = UZVT.
Next, rearrange the eigenvalues of ATA in order of decreasing magnitude.

AlEAZE...E/Ir>A/r+1:/lr+2:...zﬁznzo

Note that some eigenvalues are equal to zero.
Define the singular values of A as the square root of the corresponding eigenvalues of the
matrix ATA; that is,

oj = J4;, wherej = 1,2,..n (3)

Rearrange the eigenvectors of ATA in the same order as their respective eigenvalues to
produce the matrix

V = |:V11V21 ---1Vr1Vr+l,Vr+21 ---1Vn]

Theorem (1) Let the rank of A be equal to r. Then r is also the rank of ATA which is also equal to the
number of nonzero eigenvalues. (Proof lies in the appendix.)

Let o = [4;
V = [v1,.vy) bethe set of eigenvectors associated with the non-zero eigenvalues and
V2 = [Vp41,...,Vn] be the set of eigenvectors associated with zero eigenvalues.

It follows that:

AV2 = (AVr+l1AVr+21---1AVn)
AV, = (0,0,....,0)
AV, = 0 wherethis zero is the zero matrix 4

How do we find the matrix £? Earlier we defined the matrix X to be the diagonal matrix
with the singular values of A along its main diagonal. From equation (3), each zero
eigenvalue will result in asingular value equal to zero. Let X, beasquarer x r matrix
containing the nonzero singular values {c1,02,...0,} of A adong its main diagonal.
Therefore matrix £ may be represented by:

> 0
Y =
0 O

where the singular values along the diagonal are arranged in decreasing magnitude, and the

zero singular values are placed at the end of the diagonal. This new matrix %, with the

correct dimension m x n, is padded with m — r rows of zerosand n — r columns of zeros.
But how do we find the orthogonal matrix U ? Looking at the equation
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AV = U
it follows that:
_ . _
Or
AlV1,..,Vr,Vri1,..Vn] = [U1,...Ur,Upsa,...Un] 0
0
[Avy,...AV(, AV, ..., AVp ] = [o1U1,...0¢Ur, O...0]

Therefore,

forj=1,..r

AVj = ojUj (5)

Examining equation (5), let us remember that o; isascalar and that vj, and u; are column
vectors and that matrix vector multiplication resultsin another vector. Therefore, the vector
resulting from the multiplication of Av; isequal to the vector u; multiplied by the scalar oj.
We can look at the vector Av; as lying in the direction of the unit vector u; with absolute
length ¢;. Av; can be calculated because we previously found matrix V. Therefore, the unit
vector uj, isaresult of dividing the vector Av; by its magnitude, o;.

Av;
uj = g_jj (6)

Equation (6) isrestricted to the first r nonzero singular values. (We will explain the case for
singular values equal to zero later.) Thisallows usto find the column vectors of U so long as
thereisno division by zero. Therefore we see that this method allows us to find only part of
the matrix U. How do we find the other part where the singular values of A are equal to
zero? Aswe saw before in the matrix V, the matrix U may be defined as:

U = [Ug,U;]
Letting

U1 = [ul,...,ur]
U2 = [Ur+ly---,um]

Then
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AVl = A[Vl, ...,Vz]

= [Avy,...,Av/]
= [o1U1,...,0¢Ur] From equation (5)
o1
= [U1,...,Ur]
Or
AVy = U3, (7)

Before we proceed to find the matrix U, let us pause for aminute. Referring to the
illustration of the four fundamental subspaces (see appendix) we remember that the
nullspace N(A), of amatrix A, denotes the set of all nontrivial ( non-zero) solutions to
equation Ax = 0. Using equation (4)

AV; = 0 where zero represents the zero matrix
it followsthat V, forms a basis for the N(A). Also because

Avj = Ouj wherej =r+1,r+2,..,n
AVj =0
vj € N(A) (7)

We know that the orthogonal complement to the N(A) isthe R(AT). Since the columnsin
the matrix V are orthogonal, the remaining vectorsvs...v, must lie in the subspace
corresponding to the R(AT). Let us now return to finding U. From equation 6, we see that
Un = 2Av,. Thisequation holdsthe valuable information that the column vectors of U,
[U1,...,ur] arein the columnspace of A. Thisis because the column vectors of U are linear
combinations of the columns of A. Or, in matrix notation

uj € R(A) where j=r+1,r+2,..,n

It now followsthat R(A) and N(AT) are orthogonal complements. Since the matrix U is an
orthogonal matrix and the first r column vectors of U have been assigned to liein the R(A),
then [Ur1,...Uum] must lieinthe N(AT). Thisisavery exciting discovery! The vectors that
lieinthe N(AT) are the vectors [Ur.1, ..., Um] Which form the matrix U,. Now that we have
the matrix V, the matrix X, and the matrix U, the singular value decomposition has been
found for any matrix A. Letsseeif UZVT actually does diagonalize and equal the matrix A.
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21 0
0 O

s, 0 | v
= [U1,U3] ! !
0 0 V]

DAY
= [Ug,U7] t :|

UZVT = [Ug,U;] [ViVa]T

0

=UZV]I+0
=UZ1V] From equation (7)
= AV,V]
= Al
=A
Uzv’ = A

The singular value decomposition really does diagonalize Al

MATLAB’S Contribution to the Singular Value Decomposition
MATLAB plays an important role in allowing students the opportunity to better
understand and visualize how the SVD works. The SVD by hand would be awkward and
tedious for anything other than very small matrices. But with MATLAB, students are able to
deal with any size image and may even write their own programs to see the SVD in action.
For example, hereis an m-file which applies the SV D to an image with dimension 500 x
337.
close all
I=imread(’sanfran.tif’);
imshow(l);
J=im2double(l);
figure
imshow(J)
[U,S,V]=svd(J);
for k=1:10:100
K=U(:,1:k)*S(1:k,1:K)*V(:,1:K)";
imshow(K)

pause
end
To understand how the SVD is used to approximate an image or obtain an exact
representation, let usfirst take another look at how the SVD breaks down the matrix A into
three separate matrices.
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A =UzVT
o1 VI
= [Ug,...Un] :
On v!
O'1V-{
= [Ug,...Un]
onvh

= o1U1V] + ... + opUnV]

= o1UV] + ... + orUyv] becauseoyi...on = areall equal to zeros

This m-file was created to approximate the 500 x 337 image by using the first 100
singular valuesin steps of ten. For example, the first singular value provides arough
approximation by

A= 61U1VI

The next rough, but much better approximation, (keeping in mind the m-file isincremented
in steps of ten) isgiven by

A = o1U1V] + 02UV + ... + G 10U10V]g

And on and on, until finally we see that we don’t need even need to go up to the 100th
singular value because a “good enough” approximation to the original image may be given
by the 70th singular value such that:

A= 61U1V11- + ...+ G70U70V17-0

A = o1u1v] A = G1UV] + ...+ o10U10V]y A = o1U1V] + ... + 030UV
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A = 01UIV] + ... + OsoUsVYy A = o1U1V] + ... + O 70U70V g The origina image
The original image has afull rank of 337. Therefore, an exact representation may be
given by

A =o1Uv] + ...+ ocuv] wherer =337

However, by comparing the last two approximations, it is clear that a*“good enough”
representation may be found with far fewer singular values. This substantially reduces the
amount of information necessary to store the exact image. Thisisareal life example of the
power and beauty of the singular value decomposition. Let uslook at the numbers involved.
Because the original image before the SVD was 500 x 337, it required 168,500 entries for
storage. After the SVD was applied, the original image needed 113,569 entries. Thisimage
requires 67.4 % of the original for an exact representation. However, as we saw above, a
“good enough” image may be produced using far fewer entries. The image produced by the
first 50 singular values requires only 2,500 entries; the image with the first 70 requires 4,900.
This drastically reduces the information necessary—to 1.5% and 2.9% of the original image,
respectively. Pretty fantastic results!!!

Conclusion
As we have seen, the singular value decomposition is pretty special in that it can work its
magic on virtually any matrix; whether it is square, rectangular, invertible, or not. Further,
after the SVD has been applied, it allows for a substantial reduction in the amount of storage
required, making large images more manageable and easier to work with.

Appendix
Proof of theorem 1. If

X € N(A)
then we know the following to be true;
Ax =0

Multiplying by AT
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ATAx = ATO
ATAx =0
x € N(ATA)
Therefore
N(A) < N(ATA)
If
X € N(AT)
Then we know the following to be true:
ATAx =0
Multiplying by xT
XTATAX = xT
(AX)TAx = 0
IAX]? =0
[AX|| = O
Ax=0
X € N(A)
Therefore

N(ATA) c N(A)
N(ATA) = N(A) (8)
Let A have dimension mxn. ATA hasdimension nxn. It follows from (8) that the nullity of
(ATA) = nullity of (A) and is equal to k, and
N(ATA) = N(A) = k
rank(ATA) = n—k
rank(A) = n—k
rank of A = rank of ATA

To explain why the rank r is equal to the number of nonzero eigenvaluesfirst look at the
illustration of the four fundamental subspaces. Remember that [v4,...,v,] are the
eigenvectors corresponding to the nonzero eigenvalues of A, and that the remaining column
vectors of V correlate with the eigenvalues equal to zero. So there exists r nonzero singular
values. Thusr isequal to the number of nonzero eigenvalues.
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The Four Fundamental Subspaces
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