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Introduction

Our project explores the accuracy achieved by using N number of pas-
sive GPS sensors.

What is GPS?

It stands for Global Positioning System, and uses satellites to deter-
mine the location of objects on earth. There are 24 of these satellites
orbiting the earth, existing on six orbital planes—four on each plane.
This configuration maximizes exposure to terrestrial receivers, placing
an orbital plane at every 60 degrees around the earth.




What is a GPS receiver/sensor?

This term refers to the tools used to accept information from the satel-
lites surrounding the earth. There are two types of receivers/sensors;
active and passive.

Active receivers remain in constant contact with satellites, gathering
information all the time.

Passive sensors establish an initial contact with satellites, however,
they do not keep this connection. Once information has been accepted,
the location of a sensor as it moves is based on its initial satellite-given
location.

We will use passive sensors in this project, and as a result, we will
have to deal with the error associated with this type of sensor. This
error is caused by such factors as atmospheric refraction, untrue sensor
alignment, and poor system conditions.




N-Site Proposal

Knowing what a passive GPS sensor is, we can now observe the sit-
uation presented in this project. The figure below reveals the location
of three passive sensors, oriented in a two dimensional example: realis-
tically, these sensors would be located in three space.
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Minimizing Error

The fact of this situation is that the line of sight from each sensor
to the object of interest is untrue. This means that the line of sights
do not intersect at the object, but instead miss each other, creating a
triangle that serves as an approximation for the location of the object
of interest. The objective is to determine the error that occurs between
the line of sight and the object, represented by e; in the figure below.




Algebraically, we can derive this error vector by first projecting r; onto
the unit vector d;. This will yield a projection that lies on the line of
sight of the sensor.
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We can then subtract this projection from r;, which will give us the

pid; = d;, = (r/ d;)d;.

error vector e;
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Since the sensors are not perfect and do not intersect at one point,
we must determine the perpendicular distances from each line of sight
to the closest point where they could meet. Hypothetically, the best
method for determining the location of a point of interest, is finding the
smallest sum of the perpendicular distances between the lines of sight;
these perpendicular lines, in theory, will intersect at the point of interest.

A well proven and accepted method for calculating the error which
comes from these calculations is using Mean Square Error; this elim-
inates negative numbers and will allow us to accurately compare the
distance values. To calculate the perpendicular distance, we use the
error vector previously calculated.

e; = r; — pid;




With the error vector known, we can proceed by adding up all of the
squares of these vectors, as they exist with each sensor. We can express
the mean-square-error as £?
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By expanding the above equation and using relationships established
through the the geometry of the previous figures, we arrive at:
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From the figure below, we can see that

r,=r —=-;




By substituting r — s; for r; and doing some algebraic manipulation,

we arrive at:
| X
E? = — ; r'r — 2r's; +s!'s; — (r'd)? + 2r'd;s] d; — (s!d))*.

Now we take the gradient of the above equation. According to Merriam-
Webster, " The gradient is the vector sum of the partial derivatives with
respect to the three coordinate variables x, y, and z of a scalar quantity
whose value varies from point to point.” In this case we will let:

™ i
r= |rf| = 1Y
T3 Z




The gradient is denoted by V

N
1
VE? = VN Z r'r —or's; +s's; — (r'd;)* + 2r'd;s! d; — (s d))%
i=1

N
1
2 _ _ 9a. _ T3\d. Ta d.
V., E* = ~ ;21' 2s; — 2(r" d;)d; + 2(s; d;)d;
With the gradient of each part of the original equation taken, we can
set the gradient equal to zero, thus, minimizing the mean square error.
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This expression contains two projection vectors, both onto the " line
of sight. Collecting the terms that involve r and s;, and multiplying by
%N gives:
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Where r — (r!d;)d; is the shortest vector from the object of interest to
the projection of vector r onto the i’ line of sight that is translated to
the origin; denoted here by r—m,;d;. s;— (Sdei)di is the shortest vector
extending from the projection of s; onto the translated line of sight to
the corresponding sensor; the figure above denotes this as s; — n;d;.




In an effort to simplify this expression and enable easy calculations,
we continue with manipulation of the left side. Our goal is to reach the
form P -r = w.
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Since we substituted m; for r’d; earlier,

r — mzdz =TI — (I‘sz)dz
=TI — dZ(I'TdZ)
=TI — dl<dZTI')

In an effort to factor out r, we must multiply the equation by an identity
matrix, represented by /.

= Ir — (d,d])r

= (I — d;d))r




With r factored out of the equation we can now begin to write
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in the form P-r = u. We have already established that P = r—m,d; =
(I —d,d}). So
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This is in the form P -r = u wherer =r
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Sample Problem

At this point, we can proceed by using the derivations previously stated
to solve a sample problem. The values of a two dimensional figure, such
as the first figure, will be used. The vectors representing the location
of each sensor are
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The unit vectors we will use, seen in the first figure as blue vectors
d;, ds, and dj3, are
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Using the relationship P - r = u, we proceed with first defining P:
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The vector u is found by first evaluating the n; term for each sensor,

resulting in ny = —ﬁ,ng =0, and n3z = —\/?13). With these terms,

we can now define u as
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To compute r, we can re-write our P and u by multiplying both sides
by P~! on the left.
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Thus, we have the coordinates of r, which is the location of the object
of interest.
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This resulting coordinate fortunately falls in the triangle that is created
by the line of sight vectors, encompassed by A;, Ay, and Aj in the figure
above.




Conclusion

We have explored the accuracy achieved by using passive GPS sen-
sors to determine the location of an object of interest. We can safely
conclude that the process executed in this work proved to be fairly ac-
curate, for our calculated point fell within the triangle that was meant
to approximate its location.

Linear Algebra enabled this problem to be worked out in a simplified
manner. The process included finding the distance of the error in each
line of sight, which was found using projections onto unit vectors. These
distances were then squared, added up, and exposed to the process of
taking the gradient. The gradient is then set equal to zero in order
to minimize this error. The resulting minimization is the equation that
yields the coordinate of the object of interest. This method of trian-
gulation represents a basic form of procedure among the fundamentals
utilized by the Global Positioning Systems of today.
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