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Abstract

The purpose of this document is to describe the derivation of second and fourth
order differentiation matrices. This will be done using two different methods. First
we will derive a second order differentiation matrix from the Taylor polynomial.
Then we will derive second and fourth order differentiation matrices from the
Lagrange interpolating polynomial.

1. Introduction

Numerical methods for approximating derivatives are especially important in real world
applications. This is because the ability to solve for the rate of change when given a
set of data points can be very difficult. You will soon learn how you can easily obtain
a good approximation of a derivative that would be difficult or impossible to evaluate
symbolically.
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Differentiation matrices are a way to approximate derivatives using methods of
Linear Algebra. There are other ways to approximate derivatives, but using a differen-
tiation matrix has its advantages. In a situation where you have a discrete set of points
rather than a continuous function. You can obtain the derivative directly. Instead of
having to find an interpolating polynomial and then take the derivative of that.

2. Solving For Second Degree Differentiation Ma-
trix:

The following will show how to derive the second degree differentiation matrix using
the Taylor series and the Lagrange interpolating polynomial.

2.1. Taylor Series Polynomial:

Notice from the number line in Figure 1 that we will be defining the three distinct
points (x;—1,u;—1), (z;,u;) and (41, u;41), where u(z;) = u;.

We will be using the points ;1 and z;11 to approximate the derivative at x;. If
we denote the approximation of the derivative of our function, u(x;), as w; = u'(z;)
then notice from Figure 2 that

W — Uit1 — Ui—1 (1)
T — T ~5 -
2h
(5 Ui—1 U Ui+1 Un
hd hd
T I I Ti—1 Ly Tit+1 Tn
« h —»

Figure 1: Taylor series number line
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Figure 2: Secant line derivative approximation



From the Taylor series we know that

f@@=-a°, f@e-a' f@e-a?, f@e-a®, [ee-a

fla) =
| | | | | ’
0! 1 2! 3! o Introduction
which can be written more concisely as

Solving for the Fourth. ..
f"@)(z—a)*  f"(a)(z —a)®
L R T

4 ..., Differentiation

f(@) = f(a) + f'(a)(z — a)
So if we substitute z = a + h where h = x;11 — x; then we get the following,

"(a)a _a2 "aa _a3
Fa+h) = f(@) + fa)(a+h —a) + I ;h S ! ()(;!h ©

f// (a) h2 f/// (a) h3
T T

= f(a) + f'(a)h +eo

If we say a = z, then this can be written as

f//(:r)hQ f’”(x)hg'
T Ty

flx+h)=f(z)+ f(2)h ...

Then, remembering that our original function is u(z), we can write this as

ul/ T 2 u/// T 3
u(z + h) = u(z) + o (2)h + (2!)" + (m)h .

Since h = x;+1 — x; this means that ;41 = z; + h and x;_1; = z; — h, which gives us



the two following equations,
u(Tit1) = u(Titn)

u// (mz)h2 u”l(l’i)h?’
ST TR

= u(x;) +u'(x;)h +
w(zi—1) = u(z; — h)
u//(xi)hQ u”’(xi)h3

— . —_ , . —_—
=u(z;) —u'(z;)h + i i

Subtracting these two equations, we get

u/// (l‘z ) h3

U(l‘i+1) — ’U,(.’L'i_]_) = 2U,($l)h +2 31

dloos

And, since we are only interested in the first derivative, we can drop the higher order
terms
w(Tir1) —uw(zi_1) = 2u'(x;)h

o () = u(wi+1)2—hU(fvi—1)

If we again define w; = v/(z;), uit+1 = u(xi41) and u; — 1 = u(x;—1), then we get the
following:
Ujt1 — Ui—1
w; = ———.
! 2h
Notice that this is the same function that we got from the secant line approximation
in equation (1). Now let’s solve for the interpolating polynomial.
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2.2. Lagrange Interpolating Polynomial

If we start with the same three distinct points (2;—1,u;—1), (z;,u;), and (%41, Uit1)
from our number line in Figure 1, we know that these three points define one specific

polynomial. We also know that this polynomial will have at most degree two. The laoatcien
Lagrangg interpolating polyn9m1a1 says that P(z) = ij:l(Hl 2k 2—)yk so using 5°’V"g For Second. ..
three points we get the following Solving for the Fourth. ..
Differentiation
> LE—
— T
P =
(z) Z Hmk e
k=1 \ I=1
I#k
S r—uw S o= T—z
— T — T — T
P(z) =
(x) ll:[lxl—xz Y1+ ZI:[lirz—xz Yo 11:[1"73 ol K
I#1 1#2 1#
_ (@ —=m)(z —x3) (z — 21)(z — x3) (z —21)(z — z2)
P(x) =
(z1 — 22) (21 — 23) (z2 — 21) (%2 — T3) (z3 — 21)(z3 — T2)

Now, substituting in our points (x;—1,u;—1), (@;,u;), and (241, u;41) for (z1,v1),
(22,¥2), and (z3,ys3) respectively, we have the following

(z —zi)(x — Tit1) (z —zi—1)(T — Tit1) (z —zi—1)(x —23)
Pi(z) = Uj—1 + u; + U;
i() @iy — 2)(@ic1 — Tig1) - (@ — #i1) (@ — Tir1) © @ir1 — Fi1)(@er1 — @)
( —2) (T — Tit1) ( = xi-1) (% — Tit1) ( —xi—1)(z — 24)
Pi(z) = oh2 Uj—1 — 12 u; + oh2 Uit ]-
Now, taking the derivative of this polynomial, we get
Pl(z) = (x —x;) —;—h(za? - xi+1)ui_1 D@ $i—1);—2($ — Tit1) _— (z — 1:1-_12)};— (x — ;) s,
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And, evaluating at x;

(av5 = ay)) =+ (@25 = ap5a0) (@25 = av5—1)) =+ (@25 = @gan) (@25 = avg—n)) I+ (@85 — a23)
P(z;) = 572 Ui — 52 U; 572
1
Pl(z;) = _%Ui—l + ﬁui“'l'

If we define w; = P’(x;) then we have w; = —u;41/2h+w;—1/2h which can be rewritten
as w; = (wj+1 — ui—1)/2h which is once again equation (1). Notice that we just used a
secant line and two separate polynomials to do a second order derivative approximation
at the point (z;,u;) and came out with the same function. Now in order to write this
in matrix form we must solve this function as 7 goes from 1 to N, we get the following.

IS
W1 = TR 0T o2
S
W2 = "gp"1 T s
S
Ws = TR 2T gyt
WN-1 = —%UN—Q + %UN

1 1
WN

= TopunN-1 + o UN+1

Notice from our number line in Figure 1 that, while we defined u to run from 1 to IV,
we now have ug and uy41 in our system of equations, so we must assume that our

Ui41
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function is periodic and define ug = uy and uyy; = w;. This gives us the following
equations which can be written in matrix form.

wy = _ﬁUN 4 %UQ =
_ ! 4 =
2 Top M T g
1 0 1 N
8= Tgp 2 T g
_ 2 aF =
WN-1 = —5pUN-2 UN
- + =
N T Ty NS T gt
This gives us the following system.
[ wy ] [0 1/2 0
Wa —1/2 0 1/2
w3 1 0 —1/2 0
WN_1 0 0 0
| wN | | 1/2 0 0

1 1
1 1
-_§U/1 + §U3]
1
—ol2 -+ §U4]
1 1
THUN-2 + 5“N:|
(1 1
TUN-1 + 5’“1}
0 —1/2] [ wy ]
0 0 U
0 0 us
: : 2
0 1/2 UN—-1
—1/2 0 L (5 i

Now remember from Figure 2 that our original equation, equation (1), came from
a secant line approximation of the derivative at our point (x;,u;). However, we see in
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Figure 3 that our second and third derivations of equation (1) came from taking the
derivative of a second degree polynomial that passes through our three points. The
interesting thing to note here is that both paths take us to exactly the same matrix.

3. Solving for the Fourth Degree Differentiation Ma-
trix
Since we saw that both the Taylor series and the Lagrange interpolating polynomial

both have the same result, in this section we will just use the Lagrange interpolating
Polynomial to solve for the fourth degree differentiation matrix.

3.1. Lagrange Interpolating Polynomial

If we start with five distinct points this time (22, u;—2), (z;—1,uj-1), (€, u;), (z;+1, Uj4+1),
and (242, u;j42) we know that these five points define one specific polynomial. We also
know that this polynomial will have at most degree four. Remember that the Lagrange
interpolating polynomial says that

N
Pa) =Y ([T-—= | w-

k=1 \I#k

U1 Uj—2 Ui—1 U; Ui+l  Uit2 Uy,
hd hd

T | | Ti—2 Tj—1 T Ti41  Ti42 T,
<« h—>

Figure 4: Fourth degree differentiation matrix number line
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Figure 5: Fourth degree Lagrange polynomial
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Notice from Figure 5 that with the Lagrange polynomial we will be using a poly-
nomial that passes through our given points and taking the derivative of that specific
polynomial to estimate the derivative at the point (z;,u;). So using five points we get
the following.

k=1 \ =1
14k
> X X > X X X
l l — 4
por= (T2 |+ (1222 o {T1222 )
=1 1 l =1 2 l =1 3 l
121 1£2 1£3
xr — I xy
= (vt |1 =, |
=1 3 l =1 3 l
I£ I£

(& — @5)(w — 25)(x — 24) (@ — 25) (x = 21) (& — 25)(x — 24) (@ — 25)

P(z) =

(z1 — z2)(z1 — 73)(21 — T4) (21 — T5) (z2 — z1)(z2 — 3)(T2 — T4)(T2 — T5)

(x —x1)(x — 22)(x — 24)(z — 5)

(x —x1)(x — 22)(x — x3)(x — T5)

(
(3 — z1) (23 — 72) (23 — 74)(T3 — T5)
(x —z1)(x — 22)(x — x3)(x — 4) .
(x5 — z1)(z5 — T2)(T5 — 3)(T5 — T4)
Now substituting in our points (;_2, uj—2), (€j—1,%j-1), (&, u;), (€41, u;+1), and

(@j42,ujy2) for (z1,41), (x2,y2), (x3,y3), (24,y4) and (5, ys), respectively, we have the
following:

(xq — 21)(24 — 22) (T4 — 23) (24 — 5)
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Pj(z) =

(z —zj-1)(@ — ) (& — zj41) (T — Tj42)

Uj—2
(@j_o — zj1)(j_2 — x5)(xj_2 — xj41) (Tj—2 — Tj42)

(z —zj—2)(z = 7)(T — Tj41)(T — Tj42)

@j—1 — #j—2) @51 — 2})(@j—1 — Tj+1)(@jo1 — Tjgz
n (z —zj—2)(z —zj—1)(® — zj41)(® — Tj42)
(zj — zj—2)(zj — Bj-1)(%; — Tj41)(%5 — Tj42)
o (z—zj0)(@—zj1)(@ —2;)(x — xj42) e
(@41 — Tj—2) (@j41 — Tj—1) (@j1 — 7)) (Tj41 — Tjg2)
(—zj—2)(@—zj—1)(® —z;)(® — zj11) »
(@j+2 — Tj—2) (Tiq2 — j—1) (Tja2 — 33) @iz — Tj41) 10

We notice that the denominator can be rewritten as follows:

Pj(x) _ (z— ij—l)(fv - QCJ)(I = $j+1)(:v — xj+2)uj_

24h4

_ @ —zjo)(@—a5)( — 2541)(@ — 2j42)
6h4 e
(@ —zj-2)(@ —2j-1) (@ — 2j41)(2 ~ Tj42)
4h* g

_(@—zja)(@—a1) (@~ 2))(2 —2j4a)
6h? I

Lo si )@ -w)@-sa)
24h1 I

Taking the derivative of this polynomial we get
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Pl(z) = = Jle=mlle=m)F =8 1z =)z = a:j+2)u

P 24p1 =2
L Eog @S rn)es s @ e)Esan)@ e
241" o=
(@ozio)(r —z)(@ —zi41) + (2 —zj2) (T — 35)(z — Tj42)
6h? =
_ (@ozi2)(@ —zi) (@ — mire) + (2 —25) (@ — zj41) (T — Tj42)
Gh? Ui=1
(@ —j2)(@ —2j-1)(@ — 2j1) + (@ —2j2) (@ — 2j-1)(@ — @j42)
4h* /
(z —zj—2) (& — zjt1) (@ — xjy2) + (# —zj—1)(@ — zj41) (@ — Tjta)
+ 4h4 Z
@z m—zi )@ —z)+ (@ -z 0)(@—x1) (@ —Tjie)
Gh? Ui+l
_ (@ —zj0)(@ —ay) (@ — zj40) + (2 — 2j-1) (@ — 25) (@ — 2j42)
6/ ak
(@ —zj—2)(® — 2j-1)(z — 2j) + (& — 2j-2)(x — 2j-1)(z — 2j1)
24h* s
(z —zj_2)(z —zj)(x —zj12) + (. — ;1) (z — z5) (T — Tj42)
2417 s

While this equation looks very unruly and hard to manipulate, when we evaluate it
at x; it becomes much easier to work with
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(zj —zj—1)(zj — zjt1)(z) — Tj42) (xj — xj—2)(xj — Tj41) (%5 — Tjs2)

Filas) = 241t = 6h? o=t
4 e —wi0) g — @) (@5 = i) + (&5 = 25-0)@5 = 2j-0) (@5 = @jva) -
4h4 J
4+ @5 = @i-0)(@ = @) (@) = Bja) + (25 = 25-1)(@5 = Tj41) (@) = Tjva)
4h4 J
_ i) —ai ey = wiee) (@ = o)y — @) (e = #ge)
6ht J+1 YT, j+2

Notice that the numerators can be written in terms of h

/ 2h? 4h3 4h? 2R3 0
Pj(x;) = SapA =2 T a1 T gpaitl T gpatite Tl
Bl = L Uj_g — 2u- + 2u- _ u;

IV T qop T2 T gy T T gy It T gy 2

11 2 2 1
PJ/(JTJ) = E [ﬁu]'_z - g’u]‘_l = ng_H = Euj+2:| .

If we once again define w; = P’(x;) then we have

11 2 2 1
Wi =3 |12 7 g%i-1 Tt Ui+ T plite
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If we solve each of these for j, as j goes from 1 to N, we get the following result.

1[1 2 1
Ty ﬁ“1‘§“°+§“2—ﬁ“3] eroducet
1 i 2 2 1 Sn:lrvc:'n:C::rnSecond
T e e E}
ws = l _iu1 B EUQ i Zu4 _ LU5:| Differentiation
hl12 ' 3773 12
171 2 2 1
WN—1 = 7 _EUN—S - §'UIN—2 + gUN — E“Nﬂ]
1[1 2 2 1
Wy = 7 _EuNfg — §UN71 + §UN+1 - EUNJrQ]

Once again notice from the number line in Figure 4 that, while we defined u to run from
1 to N, we now have u_1, ug, un+1 and uy,o in our system of equations so we must
again assume periodicity and define u_1 = uny_1, up = un, uny+1 = w1 and Uy 2 = Usg.



This gives us the following equations which can be written in matrix form again

S| =

w1 =

Wy =

w3 =

WN—-1 =

—-1/12

| 2/3

E u — 2u aF 2u — 1 U
12 V3TN T3 e
1 2u + =u 1 U
12N T3 T g T gt
(1 2.
121 T g2 T gt T s
1u 2u +2u U
12 V73T g2 N T g T
1 2 N 1
12uN—2 3UN—1 3U1 12”2
1/12 —2/3
~1/12 1/12
2/3
0
—2/3
1/12
~1/12

S= S S

S

U1
U2
us

UN -1

uN
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4. Differentiation

Now that we have found our second and fourth degree differentiation matrices, what
can we do with them? Well certainly we could obtain a graph like that in Figure 6. This
graph is of the function f(z) = sinz and the approximation of f’(z) on the interval
0 < x < 27. Looking at the graph it appears that the approximation is almost exactly
right. Notice that the interval is closed on the left and open on the right. Since we
earlier assumed that our function was periodic it makes sense that a periodic function
would be correctly approximated. However notice that if we run on a non-periodic
interval like 0 < z < 37“ we get a graph like that in Figure 7. Notice how the end points
are substantially off in Figure 7. The end points being substantially wrong is completely
anticipated on a non-periodic interval though, since we had to assume periodicity in
order to derive our differentiation matrix.

We also would get a similar error if we hadn’t left the interval open, an open interval
is necessary in a periodic function to get the proper endpoints. However, notice that
even on our non-periodic interval, the points away from the endpoints are very accu-
rate. This is why matrix differentiation is so useful to analyzing data points instead
of functions. For the fourth order differentiation matrix, from the matrix in equation
(3), you would expect an error on the last two points and the first two points, but all
derivatives in between should be a close approximation. Similarly, for the second order
differentiation matrix, from equation (2), there will be two error points, one on each
end, but the middle points will have a smaller degree of accuracy.

Let’s consider the eight points (2,5), (4,15), (6,35), (8,65), (10,100), (12, 145)
(14,195), and (16, 255). If we evaluate the derivative at each point with our differenti-
ation matrix we get the following result.
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f(x)=sin(x)
df/dx

) | S g(x)=cos(x) |
3

0 1 2

Figure 6: Graph of sinz and derivative approximation



14

12}

10}

Figure 7: Graph of sinz and derivative approximation

f)=sin(x)
df/dx
— g(X)=cos(x)
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wy 0 1/2 0 0 0 0 0 —1/2][5
ws -1/2 0 1/2 0 0 0 0 0 15
w3 0 -1/2 0 1/2 0 0 0 0 35
wy| 1] 0 0 -1/2 0 1/2 0 0 0 65
ws| 2| 0 0 0 -1/2 0 1/2 0 0 100
we 0 0 0 0 -1/2 0 1/2 0 145
wry 0 0 0 0 0 —1/2 0 1/2 | |195
| ws| | 1/2 0 0 0 0 0 -1/2 0 | |255
thus,

_U)l- _—60_

w2 7.5

ws 12.5

wy | 16

Ws - 20

we 23.75

wr 27.5

_wg_ _—47.5_

Remembering that u is a vector containing the y coordinates we are evaluating, and
w is a vector containing the y co-ordinates of the derivatives, we can plot the vector
x, a vector consisting of all the x values, verses both u and w. This yields Figure 8.
Notice how closely the points (x;,w;) (where z; and w; are corresponding elements of
x and w) are approximating the line y = 2. Then notice how closely our original data
points are to fitting the curve y = 22 which of course has the derivative y = 2z

A similar graph is produced when we use the fourth order differentiation matrix
and the eight points (2,2.5), (4,.5), (6,.75), (8,2.7), (10,.6), (12,.6), (14,2.7), (16,.75)
Notice that this produces the following system.
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300

250}
200
150

100

o

(x.y)
y=2Xx
(x,w)

10 15
X

Figure 8: Data points and Derivatives
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that is,

N| =

—9/3
1/12

~1/12

| 23

2/3
0
—2/3
1/12
0
0
0
~1/12

~1/12
2/3
0
~2/3
1/12
0
0
0

0 0
~1/12 0
2/3  —1/12
0 2/3
-2/3 0
/12 —2/3
0 1/12
0 0
[ —1/480 ]
—319/480
13/16
| —13/240
| —25/32
25/32
—7/240
| —1/16 |

0
0
0
~1/12
2/3
0
—2/3
1/12

[2.5]

/12 —2/3]
0 1/12
0 0
0 0
~1/12 0
2/3  —1/12
0 2/3
-2/3 0

.75
2.7

2.7
.75

Notice in Figure 9 that our data points fall very close to the curve y = cos z(es"?).

It is a decent approximation of the derivatives at our given points on the curve y = €

sin x

It is, however, not completely accurate. Though as you can see in Figure 10 that an
increase in the number of data points greatly increases the accuracy.

5. Conclusion

You have seen the derivation and usage of the second and fourth order differentiation
matrices. These matrices can be used to approximate derivatives of data points either
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xy)
27 (COSX)esz
o (xw)
_3 L T
5 10 15
X

Figure 9: Fourth order data points and Derivatives
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Figure 10: Fourth order multi-data points and Derivatives



from a curve, lab data and other sources. In order to help demonstrate the accuracy
of the matrices, only data points from curves were shown here, but hopefully it can be
seen that whether solving for the rate of change of the growth of bacteria, or for the
speed of a moving particle, these matrices have many real world applications, and can
greatly save time and energy spent in trying to differentiate data points.
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